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Abstract 

We explicitly construct two classes of infinitly many commutative operators in 
terms of the deformed VF-algebra VFg,t(s/Ar), and give proofs of the commutation 
relations of these operators. We call one of them local integrals of motion and the 
other nonlocal one, since they can be regarded as elliptic deformations of local and 
nonlocal integrals of motion for the Wn algebra [1, 2]. 
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1 Introduction 



This is a continuation of the papers [13, 14], hereafter referred to as Part 1 [13] and Part 
2 [14]. In Part 1 we constructed two classes of infinitly many commutative operators, in 
terms of the deformed Virasoro algebra. In Part 2 we announced conjecturous formulae of 
two classes of infinitly many commutative operators, in terms of the deformed W algebra 
Wq^t{slN): which is the higher-rank generahzation of Part 1 [13]. We call one of them 
local integrals of motion and the other nonlocal one, since they can be regarded as elliptic 
deformations of local and nonlocal integrals of motion for the Wn algebra [1, 2]. In this 
paper we give proofs of the commutation relations for the integrals of motion for the 
deformed W algebra VFg,t(s/Ar). 

Let us recall some facts about soliton equation and its quantization. B.Feigin and 
E.Frenkel [3] considered the so-called local integrals of motion J*^^') for the Toda field 
theory associated with the root system of finite and affine type {/^'^'-*, i?^'^'-*}p.B. = 0, 
where = i / (e"^^*^ + e~^'^*^)dt is the Hamiltonian of the Toda field theory. They 

showed the existence of infinitly many commutative integrals of motion by a cohomological 
argumemnt, and showed that they can be regarded as the conservation laws for the 
generalized KdV equation. In [3] they constructed the quantum deformtion of the local 
integrals of motion, too. In other words they showed the existence of quantum deformation 
of the conservation laws of the generalized KdV equation. After quantization Gel'fand- 
Dickij bracket {, }p,b. for the second Hamiltonian structure of the generalized KdV, gives 
rise to the algebra. V.Bazhanov et.al [1, 2] constructed field theoretical analogue 
of the commuting transfer matrix T(2;), acting on the irreducible highest weight module 
of the Virasoro algebra and the W^i algebra. They constructed this commuting transfer 
matrix T{z) as the trace of the monodromy matrix associated with the quantum affine 
symmetry Uq{sl2) and Ug{sls), and showed that the commutatin relation [T{z), T{w)] = 
is a direct consequence of the Yang-Baxter relation. The coefficients of the asymptotic 
expansion of the operator log T{z) aX z ^ oo, produce the local integrals of motion for 
the Virasoro algebra and the W3 algebra, which reproduce the conservation laws of the 
generalized KdV equation in the classical limit cqft 00. They call the coefficients of 
the Taylor expansion of the operator T{z) at 2; = 0, the nonlocal integrals of motion for 
the Virasoro algebra and the W3 algebra. They have explicit integral representation of 



2 



the nonlocal integrals in terms of the screening currents. 

The purpose of this paper is to construct the elliptic version of the integrals of motion 
given by Bazhanov et.al [1, 2]. Bazhanov et.al's construction is based on the free field 
reahzation of the Borel subalgebra B± of Uq{sl2) and Uq{sl^) . By using this reahzation they 
construct the monodromy matrix as the image of the universal R-matrix R & <S> B-, 
and make the transfer matrix T{z) as the trace of the monodromy matrix. The universal 
R-matrix R of the elliptic quantum group does not exist in B+®B-. Hence it is impossible 
to construct the elliptic deformation of the transfer matris T{z) as the same manner as [1]. 
Our method of construction should be completely different from those of [1, 2]. Instead 
of considering the transfer mtrix T^{z), we directly give the integral representations of 
the integrals of motion X^, Qn for the deformed Virasoro algebra. The commutativity of 
our integrals of motion are not understood as a direct consequence of the Yang-Baxter 
equation. They are understood as a consequence of the commutative subalgebra of the 
Feigin-Odesskii algebra [8]. 

The organization of this paper is as follows. In Section 2, we review the deformed W 
algebra, including free field realization, screening currents [4, 6]. In Section 3, we give 
integral representations for the local integrals of motion X„, and show the commutation 
relations : 

[X^,T„] = [X;,X:] = 0. 

Very precisely, in Part 2 [14], we only give the Laurent series representation of the local 
integrals motion, which is useful for proofs of the commutation relation and Dynkin- 
automorphism invariance. In this section we show the integral representations and the 
Laurent series representation give the same local integrals of motion. In Section 4, we 
give explicit formulae for the nonlocal integrals of motion Qm and show the commutation 
relations : 

We show the commutation relation [1^, Gn] — using Dynkin- automorphism invariance 
'r){In) — In and r]{Qr^ — Qn, which will be shown in the next section. In Section 5, we 
give proofs of Dynkin-automorpliis invariance : 
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In Appendix we summarize the normal ordering of the basic operators. We would like to 
point out a differnt point between the case of the deformed Virasoro ViVq^t — Wq^ti^h) 
and its higher-rank generahzation : the deformed Wq^t{slN), {N ^?,). Basically situations 
of Wq^t{slN), {N ^ 3) are more complicated than those of ViVq^t — Wq^ti^h)- However, 
one thing of Wq^t(sZjv), {N ^ 3) is simpler than those of ViVq^t — Wq^ti^h)- In the case of 
yi'>^q,t = Wq,t{.sl2), the integrals of motions X„, Qn have singularity aX, s = N = 2. Hence 
wc considered the rcnormalized limits for the integral of motions X„, Qn in the lase section 
of the paper [13]. In the case of Wq^t{slN)i {N ^ 3), the integrals of motions X„, do 
not have singularity at s — N ^ 3. 

At the end of Introduction, we would like to mention about two important degenerating 
hmits of the deformed W algebra. One is the CFT-limit[l, 2] and the other is the classical 
limit[ll]. In the CFT-limit V.Bazhanov et.al. [1, 2] constructed infinitly many integrals 
of motion for the Virasoro algebra, as we mentioned above. In the classical limit, the 
deformed Virasoro algebra degenerates to the Poisson- Virasoro algebra introduced by 
E.Frenkel and N.Reshetikhin [11]. 



In this section we review the deformed VF-algebra and its screening currents. We prepare 
the notations to be used in this paper. Throughout this paper, we fix generic three 
parameters 0<x<l, reC and s E C Let us set z — x^". Let us set r* — r — 1. The 
symbol [u]r for Re(r) > stands for the Jacobi theta function 



2 The Deformed 1^- Algebra Wq^t{slN) 



r 



(2.1) 



where we have used the standard notation 



(2.2) 



j=0 



We set the parametrizations r, r* 




(2.3) 



The theta function [u]r enjoys the quasi-pcriodicity property 




(2.4) 
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The symbol [a] stands for 

H = (2.5) 



2.1 Free Field Realization 

Let 6.^(1 ^ i ^ A^) be an orthonormal basis in relative to the standard basis in R-^ 
relative to the standard inner product (,). Let us set q = — e, e = jf'^^^i^j- We 
idetify e7v+i = ei- Let P = Xlili ^^e weight lattice. Let us set ai — €i — q+i e P. 
Let be the oscillators (1 ^ j ^ A?", m e Z — {0}) with the commutation relations 

{ [(r-l)m] [(A-l)m] r /I <,•_.■< /V^ 

-"•'^S-'"' -'""-''5»+™,o (1 S » # J S AT) ^ ■ ^ 

We also introduce the zero mode operator P^, (A e P). They are Z-linear in P and 

satisfy 

[zP,,gj = (A,/x), (A,/xeP). (2.7) 

Let us intrduce the bosonic Fock space Ti^kih k E P) generated by /3i^(m > 0) over 
the vacuum vector \l,k) : 

^i,k = C[{(3U, (3U, ■ ■ -h^SNW, k), (2.8) 



where 



Pi\l,k) = 0,(m>0), (2.9) 



P^\l,k) = [a,J-^l-^^—^k\\l,k), (2.10) 



fr-l, 



\l,k) = eV^*^'-V— v.|0,0). (2.11) 
Let us set the Dynkin-diagram automorphism 77 by 

viP'J = • • • , V{€-') = viP^) = x^^^'-'^'^PL (2.12) 
and ri{ti) = e,+i, {l^i^N). 
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2.2 The Deformed VF- Algebra 

In this section we give short review of the deformed 1^-algebra Wg^ti^lN) [5, 6, 7]. 
Definition 2.1 We set the fundamental operator Aj{z), {1 ^ j ^ N) by 

I VTTl — TTTl \ 

Ajiz) = x-^VK^/^, : exp 5^ ~ P^z'^ : (1 ^ j ^ TV). (2.13) 



m 



Definition 2.2 Let us set the operator Tj{z), (1 ^ J ^ iV) by 

Tjiz) = Yl ■ K{x-^^'z)Kix-^+h) ■ ■■As.ix^-'z) : . (2.14) 

Proposition 2.1 The actions of rj on the fundamental operators Aj{z), (1 ^ j ^ N) 
are given by 

7]{Aj{z))=Aj+i{x'^z), (l^j^iV-1), r]{AN{z))=A,{x"^-^'z). (2.15) 
Proposition 2.2 The operators Tj{z), (1 ^ j ^ N) satisfy the following relations. 
fijiz2/zr)Tiizi)Tjiz2) - fj,iiz,/z2)Tjiz2miz,) 

- c J]n^(^''^') (^^r^j fi-k,j+k{x-'^iTi-k{x-'z^)T,+,{x'z2) 

- M ^-^ j /,-fej+fe(x^-0T,_fe(x^^i)?;+fc(2^"'^2) j , (l^z^j ^ Ar)(2.16) 

where we have used the delta-function 6{z) — S„ez^"- ^^"^^ constnt c and the 

auxiliary function A{z) by 

(1-^2) ' ^ ' {1-XZ){1-X-^Z) ^ ' 

Here we set the structure functions, 

1 (-\ _ ^2mMin{i,j)\(^ _ 2m{s-Max(i,j))\ 

g ;^(l - - ^"'-"") ' (i-.iKl'-^'") 

(2.18) 

Above proposition is one parameter "s" generahzation of [7]. The proof is given by 
the same manner. 
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Example For N — 2 the operators Ti{z),T2{z) satisfy 

fi,i{z2/zi)Ti{zi)Ti{z2) - fi,i{zi/z2)Ti{z2)Ti{zi) 

= C{5{X''Z2/Z,)T2{XZ2) - 5{X^Z,/Z2)T2{X-'Z2)), (2.19) 

f 1,2(^2/ zi)T,(zi)T2(z2) = f2,i(zi/z2)T2{z2)T,(z,), (2.20) 

12,2(^2/ Zi)T2{Zi)T2{z2) = f2,2{Zi/z2)T2{z2)T2{Zi). (2.21) 

Example For N ^3 the operators Ti{z),T2{z),T3{z) satisfy 

fl,l{z2/ Zl)Ti{zi)Ti{z2) - fl,l{Zi/ Z2)Ti{z2)Ti{zi) 

= c{5(x^Z2/zi)T2(xz2)-5(x^zi/z2)T2(x-^Z2)), (2.22) 

f 1,2(^2 /zi)Ti{zi)T2{z2) - f2,lizi/ Z2)T2{z2)Ti{zi) 

= c{S{xh2/zi)n{xz2)-d{xhi/z2)n{x-'z2)), (2.23) 

12,2(^2/ Zl)T2{zi)T2iz2) - f2,2{zi/z2)T2{z2)T2{z{) 
= c/i,3(l)(5(x'-22Al)Ti(xZ2)T3(xZ2) -(^(x'-2l/-22)Ti(x-^^2)T3(x-^Z2)), (2.24) 

/l,3(^2M)Ti(zi)T3(z2) = /3,l(^l/^2)T3(z2)Ti(zi), (2.25) 

12,3(^2/ zi)T2{zi)Ts{z2) = h2{^i/z2)n{z2)T2{zi), (2.26) 

/3,3(^2Al)r3(zi)r3(^2) = /3,3(^lA2)r3(^2)r3(zi). (2.27) 

Example For AT = 4 the operators Ti{z),T2{z),T3{z), (z) satisfy 

fl,liz2/ Zi)Ti{Zi)Ti{z2) - fl,liZi/ Z2)Ti{z2)Ti{zi) 

= c{S{x^Z2/zi)T2{xz2)-6{x^Zi/z2)T2{x-^Z2)), (2.28) 

fl,2{^2/Zl)Ti{zi)T2{z2) - f2,l{^l/z2)T2{z2)Ti{zi) 

= c((5(a;3z2M)T3(a;^2) -5(a:3^iA2)T3(x-iz2)), (2.29) 

/l,3(^2/^l)Ti(2;i)T3(2;2) - hA^i/^2)T3{z2)Ti{zi) 
= c(5(a;S2/zi)r4(x^2) -(^(a:;^-ZiA2)r4(a;-^Z2)), (2.30) 

/2,2(-22/-2l)T2(zi)T2(^2) - /2,2 (-2l/-22)T2 (^2)^2(^1) 

= c/i,3(l)(5(x'^2M)Ti(x-i^i)T3(xz2) -5(x2^i/^2)Ti(a;^i)T3(a;-i;22)), (2.31) 

/2,3(2;2/^l)7'2(^l)r3(^2) - /3,2(2;i/^2)73(^2)72(2;i) (2.32) 

= c{5{xh2/zi)fi4x-^)Ti{x-^zi)T^{xz2) - S{xhi/z2)fi4x)Ti{xzi)T4x-^Z2)), 



fiA{z2/zi)Ti{zi)T^{z2) = h,i{^i/^2)T4{z2)Ti{zi), (2.33) 

f2Aiz2/zi)T2{zi)T^{z2) = h,2{^i/z2)mz2)T2{zi), (2.34) 

f 3,4(^2/ zi)Ts{z,)Uz2) = U,3{z,/z2)Uz2)Ts{z,), (2.35) 

hA^2/ Zi)T4{zi)T4{z2) = j^^A^Zxl Z2)Ti{z2)T4{zx). (2.36) 

Definition 2.3 The deformed W -algebra is defined by the generators Tm\ (1 ^ J ^ 
N,m E Z) with the defining relations (2.16). Here we should understand Tm o,s the 
Fourier coefficients of the operators Tj{z) = X^^gz ?m^^~"*, (1 ^ J ^ -^)- 

2.3 Screening Currents 

In this section we introduce tlie screening currents Ej{z) and Fj{z). 

Definition 2.4 We set the screening currents Fj{z), {I ^ j ^ N) by 

Fj{z) = e^v^'^«.(x(^-i)^z)v^^«^+"^ 

: exp I ^ -Bi,z-A :, (1 ^ j ^ iV - 1) (2.37) 



X 



, m 

\myCiQ 

/ r — 1 ^ , r) /\r \ / 1 p_ I r — 1 / r— 1 p_ i r—\ 



X : exp 



E ^^^^-""^ I ^' (2-38) 



m 



VFe set t/ie screening currents Ej{z), {1 ^ j ^ N) by 

X : exp f - J2 -JT^^^^inZ-A :, (1 ^ J ^ TV - 1) (2.39) 



X : exp 

ifere we have set 



, m\(r — l)m 



Bin = (2.41) 

= {x-'-(3Z-(3l). (2.42) 
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The screening currents Fj{z), Ej{z) {1 ^ j ^ N — 1) have already been studied in [9, 10]. 
We introduce new screening current Fn{z), En{z), which can be regarded as "affinization" 
of screening currents Fj{z), Ej{z) {1 ^ j ^ N — 1). The following commutation relations 
are convenient for calculations. 

WLBi] = m5^+„,otMa;(-^+t.>, {1 ^ j S N) (2.43) 

[P'r^^Bi] = -m6m+J^x^'+'^^^-, (l^j^N-l) (2.44) 

[rm\ 

[PLB^] = -mSm+J^x"^, (2.45) 

[rm\ 

[BL,Bi] = m<5^+,o|^M, {l^j^N) (2.46) 

[BLBi-^'] = -m5^^J^x(-'^'^^"^, (l^j^N). (2.47) 

[rm\ 

Here we read -6^+^ = S^. We summarize the commutation relations of the screening 
currents for A?" ^ 3. 

Proposition 2.3 The screening currents Fj{z), {1 ^ j ^ N; N ^ 3) satisfy the 
following commutation relations for Re(r) > 

-F,{z^)FJ+^{z2) = ^-^F,+,{z2)F,{z,), (1 ^ j ^ TV), 



[Ui-U2 - § + l]r [u2-Ui + §]r 

(2.48) 

-F,{z,)F,{z2) = F,{z2)F,{z,), (l^j^Ar),(2.49) 



[Ui -U2- l]r [U2 - til - l]r 

Fi{zi)Fj{z2) = Fj{z2)Fi{zi), {\i-j\^2). (2.50) 

We read F/v+i(^) = Fi{z). The screening currents Fj{z), {1 ^ j ^ N; N ^ 3) satisfy the 
following commutation relations for Re(r) < 0. 

-F,{z,)F,^,{z2) = r-^ -\-^F,^,{z2)F,{z,), (l^j^N), 



[ui-U2-§]-r [U2 - Ui - 1 + §]-r 

(2.51) 

F,iz,)F,{z2) = J^^^^%^F,(.,)F,(.0, (l^j^N), (2.52) 



[Ui -U2 + l]-r [U2-Ui + 1] 

Fi{zi)Fj{z2) = Fj{z2)Fi{zi), (|z-j|^2). (2.53) 
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We read Fn+i{z) = Fi{z). 

The screening currents Ej{z), {1 ^ j N; N ^ 3) satisfy the following commutation 
relations for Re(r*) > 

^ -Ej{z,)Ej+,{z2) = r-^ -^^ -^Ej+,{z2)Ej{z,), (l^j^N), 



(2.54) 

E,{z,)E,{z,) = rJ^'T^^Ti E,{z,)E,{z,), (l^j^N), (2.55) 



[Ui-U2+I]r* [^2-1*1 + 1] 

E,{z,)E,{z2) = Ej{z2)E,{z,), {\i-j\^2). (2.56) 
We read Er^+i{z) — Ei{z). 

The screening currents Ej{z), {1 ^ j ^ N; N ^ 3) satisfy the following commutation 
relations for Re(r*) < 0. 

^ -Ej{z,)Ej+,{z2) = ,1 Ej+i{z2)Ej{z,), {l^j^N), 



(2.57) 

-EM)E,iz2) = ,["-:"^J;r E,iz2)E,iz,), (l^j^N), 



[Ui —U2 — l]-r* [U2 — Ui — 1]- 

(2.58) 

Ei{z,)E^{z2) = E^{z2)E,{z,), {\i-j\^2). (2.59) 

Proposition 2.4 The screening currents Ej{z), Fj{z), [1 ^ j ^ N; N ^ 3) satisfy the 
following commutation relation Re(r) < 0. 

[E,{zi),F,{z2)] = -^-^{6{xz2/z,)H^{x''z2) - 5{xz^/z2)H^{x-'-Z2)), (1 ^ J ^ iV), 

(2.60) 

Ei{z,)F^{z2) = F^iz2)E,{z^), (1 ^ i ^ j ^ TV). (2.61) 

Here we have set 

Hj{z) = xa-?f)2^e-v^'^"^(x(^-i)^z)-v^''«^+^ 

X : exp I - J2 -t¥t^-^~" ) ^' (1 ^ J ^ ^ - 1)> (2-62) 
\ ^-^ m \r*m\ ' 

Hj,{z) = a:2(^-2^)e-v^^^"-(x2^-^z 

1 [m] 
m [r*m] 






vrr* 


m 1 

) 


h. 






■\/rr * 



X -p(-E;!:]S^^^-")- (2.63) 
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Proposition 2.5 The actions of r) on the screenings Fj{z), {1 ^ j ^ N; N ^ 3) are 
given by 

ri{Fj{z)) = Fj+i{z){x^-^)~'^^"^+^~'^ , (1 ^ j ^ iV - 2), (2.64) 

r){FM-i{z)) ^ FN{z){x^-'^)^'''^+'^{x^-^)-^''-^^+i, (2.65) 

viFNiz)) = Fi(z)(x(^-^)(^-^))^^^i+i^(x^-^)-V^^^2+i^. (2.66) 

Especially we have 

v{Fi{zi)F2{z2)---Fm{zn)) = Fm{zi)Fi{z2)---Fi{zn). (2.67) 

The actions of rj on the screenings Ej{z), {1 ^ j ^ N; N ^ 3) are given by 

r}{Ej{z)) = Ej+i{z){x'^-^)'/^^"^+^-^ , (1 ^ J ^ iV - 2), (2.68) 

r]{EN_i{z)) = £;^(^)(x^~^)"V^^'^+5F^(x^-^)V^^'i+5F^, (2.69) 

v{En{z)) = Ei(^)(x(^-^)(^-^))-v^^^i+^(x^-t)v^^^2+2^. (2.70) 

Especially we have 

7]{Ei{zi)E2{z2) ■ --ENizN)) = E2{zi) ■ ■ ■ En{zn-i)Ei{zn) ■ (2.71) 

Proposition 2.6 The screening currents Fj{z), (1 ^ j ^ iV; iV ^ 3) and the fundamen- 
tal operators Aj{z), (1 ^ j ^ iV; iV ^ 3) commute up to delta-function 6{z) = 



z . 



[AJ{z^),FJ{z2)] = i-x^^+x-^yi^x'^^-^^^Mx'^^-'-z,), (l^j^N-l), 

(2.72) 

[Aj+,(z,),Fj(z2)] = (x^*-x-^y(^x'^^^^f^Aj{x'i^^+^Z2), (l^j^N-l), 

(2.73) 

[Aiv(^i),Fiv(^2)] = i-x"-' +x-'*)5(^x-'-+^'^^An{x-'-Z2), (2.74) 

[Ai(^i),Fiv(^2)] = {x^-* -x~'*)6(^x'^^ANix'z2). (2.75) 
Here we have set 

Aj{z) = e'^^^"^x-^(-^^+-^w)(^x-^)\/?^".+'^ 

X : exp I 5^ -{x^-'PL - x-^"^P^^')z-A {1 ^ j ^ N - 1), (2.76) 
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\ m 



X : exp I > ^ — (x^'-^*)"*/?^ - x"''"^/?^)^-"' ) : . (2.77) 



(2.78) 

[Vi(zi),£;,(^2)] = {x^-x-^)s(^x'^^-^*^^BJ{x'^^-^'z^), (l^j^N-l), 



(2.79) 



[A^(^i),E^(^2)] = {-x'- + x-')di^x'-*+^'^jBN{x'^^zi), (2.80) 

[Ai(;^i),^iv(;22)] = (a;'-a;-^)5(^a;-'-*|^i3,v(a;-'-*;22). (2.81) 
Here we have set 

Bj{z) = e-'V^^'^^x-'^^^'^+^'^+^\zx-^)-^ 



X 



^ ^^P I - E -r?l(^~^*"^/54 - x^''"'PL^')z-"' ) (1 ^ i ^ TV - 1), 



(2.82) 

Bjv(-z) = e~^^^«Jvx-^(-f'^iv+-Pn)(^a;2s-JV^-V^Pe^+2^^^p,i + 2^ 

X ^ ^^P f E S^^^"^*"'^^'"^- - ^^*™/^^)-"'") ^ ■ (2-83) 
2.4 Comparsion with another definition 

At first glance, our definition of the deformed W^-algebra is different from tliose in [5, 6, 7]. 
In tliis section we sliow tliey are essentially the same thing. Let us set the element Cm by 

TV 

= (2.84) 

This element Cm is ?7-invariant, r]{Cm) = Cm- Let us divide Aj{z) into Aj'^'^lz) and Z{z). 

Aj(z) = Af^^(z)Z(z), (l^j^N), (2.85) 

where we set 

Af"'^(.-) = : exp fe '^r"^" (/S^ - |i^C„) .-j :(2.86) 
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Z{z) = : exp J] ^- ^ipyC^z- : . (2.87) 

Let us set 

Tf^\z) = ■ K'^^(^''^'^)K'^^(^~'^'^) ■ ■ ■ ^f^^(x^~'z) : . (2.88) 

l-^Sl<S2<-<Sj^N 

Proposition 2.7 The bosonic operators T^^^{z), (1 ^ j ^ A^ — 1) satisfy the following 
relations. 

f[:r\^2/^^)TF''\z,)Tf''\z,) - fFr\z,iz,)T^^\z,)Tr\z,) 



- (^^^^^^) /^XA.^^^^^^ (i^i^j^iv-i), 

(2.89) 

w;/iere b{z) = E„ez^"- s/iouM understand T^^^(z) = l,Tf^^{z) = 0, (j > iV). 
ifere we set the constant c and the auxiliary function A{z) in (2.17). Here we set the 
structure functions, 

iT^iz) = f^Az)\s=N 

(2.90) 

Proposition 2.8 The operators Tj-'^^{z) and Z{z) commutes with each other. 

T^^\z^)Z{z2) = Z{z2)T^^\z,), {l^j^N- 1). (2.91) 

Therefore three parameter deformed 1^-algebra Tj{z) is reahzed as an extension of two 
parameter deformed M^-algebra T^^^{z) in [5, 6, 7]. Note that upon the speciahzation 
s — N we have 

[^n , = 0, [Bl B^] = for j ^ N. (2.92) 
Hence we can regard B^ ^ and Tj{z) = T^^^{z), T^^^{z) = 1. 
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3 Local Integrals of Motion 



In this section we construct the local integrals of motion X^. We study the generic case : 
0<a;<l, reC and Re(s) > 0. 

3.1 Local Integrals of Motion for Wq^t{slN) 
Let us set the function h{u) and h*(u) by 

where we have set z = x^'^. 
Definition 3.1 

• We define Xn for regime Re(s) > 2 and Re(r*) < by 

^"^ / ••• / fi n % n h{u,-Uj)Uz,)---T,{zr,) (n=l,2,---). (3.2) 

Here, the contour C encircles Zj — in such a way that zj — x~'^~^^^^Zk,x~'^^*~^^^^Zk {I — 
0, 1, 2, • • •) is inside and Zj — x^^^^'z^, x'^'^* Zk {I = 0, 1, 2, • • •) is outside for 1 j < k ^ 
n. We call X„ the local integrals of motion for the deformed W -algebra. The definitions 
ofXn for generic Re(s) > and r e C should be understood as analytic continuation. 

• We define X* for regime Re(s) > 2 and Re(r) > by 

/ H o At n h*{uk-u^)T^{z{)---T^{zr:) (n=l,2,---). (3.3) 

Here, the contour C encircles Zj — in such a way that Zj — x~'^'^'^^^Zk, x'^^'^'^^^Zk {I — 
0, 1, 2, • • •) is inside and Zj — x'^~'^^^Zk, x~'^'^~'^^^ Zk {I = 0, 1, 2, • • •) is outside for 1 ^ j < k ^ 
n. We call X* the local integrals of motion for the deformed W -algebra. The definitions 
of X* for generic Re(s) > and r e C should be understood as analytic continuation. 

The following is one of Main Results of this paper. 

Theorem 3.1 The local integrals of motion Xn commute with each other 

[Xn,Xm]^0 (m,n = 1,2,---). (3.4) 
The local integrals of motion X* commute with each other 

[X:,X*J^O {m,n ^ 1,2, ■■■). (3.5) 
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3.2 Laurent- Series Formulae 

In this subsection we prepare another formulae of the local integrals of motion X^. Because 
the integral contour of the definition of the local integrals of motion X„ is not annulus. i.e. 
\x~^Zk\ < \zj\ < {x^Zkl, the defining relations of the deformed W^-algebra (2.16) should 
be used carefully. Hence, in order to show the commutation relations [Xm,X„] = 0, it is 
better for us to deform the integral representations of the local integrals of motion X„ to 
another formulae, in which the defining relations of the deformed VF-algebra (2.16) can 
be used safely. 

Let us set the auxiliary function s{z),s*{z) by h{u) — s{z)fii{z), h*{u) — s*{z)fii{z), 
{z — x^") where h{u), h*{u) and fii{z) are given in the previous section. We have explicitly 

^/ \ ^-2r* l^)-^ )oo\X ^; ^ )oo ^ yi-j^^X JqqI^X / ^) )oo /g 

{ rY*^S 2 • ,-y*2 S ^ ( rv* 2?^ 0^ " /y» 2^ ^ ( ry*^S 2 / 'y ' /y* 2^ ^ f rv* 2t* I ' /T* 2^ ^ ^ 

™2s\ / 2s+2r* 2s\ /i / 2s\ / 2s+2r* / 2s\ 

^ K^J — ^ (^2s-2^. ^2s^ (^2r^. ^2s\ (^2s-2 / ^. ^2s\ 7Z2rJZ7Z2s\ ' W"'^ 

/Oj Jooy-^ ^; yoo V / ^, Jy yoo\^ / ^7 /OO 

Let us set the auxiliary functions gi,j{z) by fusion procedure 

ai(-2) = gi,i{x~''^^z)gi,i{x-'^^z) ■ --gisix'-h), 

gi,j{z) = gi,i{x-^^^z)gi,^{x-^+^z) ■ ■ ■ gi,,{x^-'z). (3.8) 

where gii{z) = fu{z) is the structure function of the deformed VF-algebra defined in 
(2.16). 



1/ ^2^' 2^. ^'2s\ / ^'2t' y ^2s\ / ^ 27" .-y. ^2s^ 



(3.9) 



1,1V'^J — T^TT 7Z27rr27J /'^2r*+2s^. ^25 ^ Jv^J^-^rv^T^^T^ ' 

The structure functions fij{z) and gi,j{z) have the following relations 

^i,,(;2) = A{x-^+'z)A{x-^+'z) ■ ■■A{x^-'z)f,j{z). (3.10) 

Here A{z) is given by A(2;) = — — -■ 

Let us set the formal power series A{zi, Z2,---, Zn) by 

A{zuZ2r--.Zr,)^ ak,,..,kA'4"---4''- (3-11) 

We define the symbol [■ ■ ■]i,2i...^„ by 

[^(^1, ^2, • • • , ^n)]i,;,,...2„ = ao,o,-,o. (3.12) 
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Let us set D = {{zi, ■■■,Zn) G Efei,.,fe„6Z \aku-,kn4'4^ ' ' ' < +°^}- When we 
assume closed curve J is contained in D, we have 



[^(^^i, Z2, - ■ ■ , Zn)]l,zi-, 



dz-i 



jfJ^27ly/^Z_ 



-A{zi, Z2,---, Zn)- 



(3.13) 



Let us set the auxihary functions, 511(2;) = s{z), hii{z) — h{u),{z — x^") and 



and 



Si 1 (z) 


— 51,1(2^ 


-'+^^)sii(x- 


-'+^z) ■ 

J 


• 51,1(2;' 




Si,j{z) 


= Si,l{x 


-^^^z)si,,{x 


-^■+^z) • 


■■Si,i{x^' 




hi,i{z) -- 










-'A 




= Ki{x 


-^+h)hi,^{x- 


-^+^z) ■ 


■■Ki{x^' 


M 




= s\M 


-''-'z)sl,(x- 


-'^\) ■ 


■siM' 






= s*iM 






■s:m^- 




KM - 




-'^'z)KM~ 


-'+^z) ■ ■ 


■KM~ 




KM 


= KM 


'^^'z)KM 


-^■+^^) • 


■■KM'' 





(3.14) 
(3.15) 



(3.16) 
(3.17) 

In what follows we use the notation of the ordered product 
l[T,{zi) = T^{zi,)T,{zi,) ■ --T^iziJ, {L = {h, Qh < k < ■ ■ ■ < /„})• (3.18) 

Theorem 3.2 For Re(s) > N and Re(r*) < 0, the local integrals of motion X„ are 
written as 



X — 



JJ s{Zk/Zj)On{zi, 2^2, • • • , Zn) 



(3.19) 



For Re(s) > and Re(r) > 0, the local integrals of motion I* are written as 



Yl S*{Zk/Zj)On{Zi,Z2,---,Zn) 
l^j<k^n Jlz,-z 



(3.20) 
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Here we set the operator On{zi, Z2,---, Zn) by 

On{zi, Z2, ■ ■ ■ , Zn) — ^ ^ 



ai+2a2+3a3H |-Afajv=" L ^ ^ 



3 ' J ' s = l J = l J I • ' ' 1 

Min{A[''^)<Min(A^''^)<.-.<Min(A^^) 



^'=^Min Min Min ^^^Min 

N / t-1 \"* iV at t / 2 

X n (-)'-' nA(-"*')'-"-' n n E n 4 

,v-aW 



X 



n n n n p-^d 



t=l J<'= ^ ^ ' l<t<u<N .g^W ^ ^ 



ifere u;e have set the constant c and the function A.{z) in (2.17). When the index set 
= {ii,i2, • • -Jtlji < J2 < • • • < jt}, {1 ^t ^ N,l ^ j ^ at), we set Af^ = j^, 
and = {^1*1) ^2*1) ■ ■ • ) ^at,i}- Here we should understand Zj^^^^^^ = Zj^^^^ in the 

delta-function d ( !!fMi±iI ) . 

Example We summarize the operators On very explicitly. 

0,{z) = (3.22) 

02(^1,^2) = gi,iiz2/zi)Ti{zi)Ti{z2) - c6{x'^Z2/zi)T2{x''^zi), (3.23) 

Osizi, Z2, Z3) = gu{z2/ Zi)gi^i{z3/ Zi)gi^i{z3/ Z2)Ti{zi)Ti{z2)Ti{z3) 

- cgi,2ix-^Z2/zi)Ti{zi)5ix''z3/z2)T2ix-^Z2) 

- Cgi^2{x~^ Zil Z2)Ti{z2)6{x^ Z3/ Zi)T2{x'^ Zi) 

- Cgi^2{x~^Zi/z3)Ti{z3)5{x^Z2/Zi)T2{x~^Zi) 

+ c'A(x')(5(x'z2/zi)5(x'zi/^3) + 5{x''z^/z2)5{x''z3/z^))T3{z^){?,.2A) 

O^izi, Z2, Z3, Z4) = Y\_ 9u{Zk/Zj)Ti{zi)Ti{z2)Ti{z3)Ti{z4) 

l<7<fe^4 

- cgu {Z2I Z])gv2{x~^ Z3I z^gvi {x~^Z3l Z2)Tx {z])Tx (2:2)^2 {x~^ z-^^{x^ z^j z-^ 
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- cgii{zz/ zi)gi2{x~^ Z2/ zi)gi2{x~^ Z2I z^)Ti{zi)Ti{z^)T2{x~'^ Z2)5{x^ Zi/ Z2) 

- cgii{zi/zi)gi2{x~'^Z2/zi)gi2{x~'^Z2/zi)Ti{zi)Ti{zi)T2{x'~^Z2)5{x^Z2,/z2) 

- cgii{z'i/ Z2)gi2{x~^ zi/ Z2)gi2{x~^ zi/ Z'i)Ti{z2)Ti{z'i)T2{x~^ zi)5{x^ zj zi) 

- Cgii{zA/ Z2)gi2{x~^ Zi/ Z2)gi2{x'^ Zi/ Za)Ti{z2)Ti{z4)T2{x~'^ zi)5{x^ Z^l Zi) 

- cgii{zi/ z^)gi2 {x~^zi/ z^)gi2 {x~^Zi/ Zi)Ti (^^gjTi {zi)T2 {x~^Zi)5{x^Z2/ Zi) 
+ c^g22{z^/zi)5{x''z2/zi)5{x''zJz^)T2{x-^zr)T2{x-^z^) 

+ g22{z2/ Zl)6{x'^ Z^l Zi)6{x^ Zi/ Z2)T2{X'^ Zi)T2{x'^ Z2) 

+ c^g22{z2/zi)5{x'^Zi/zi)5{x^z^/z2)T2{x~^zi)T2{x~^Z2) 

+ c'/^{x^)gM^i)Ti{zi)T^{z2){5{x''z2/z^)5{x''zJz2) + 5{x''z2/ za)5{x''z^/ Z2)) 

+ /\{x^)gi'i{zi/ Z2)Ti{z2)T^{zi){6{x^ zil z^)6{x^ zaI zi) + 6{x^zi/ za)6{x^z^/ zi)) 

+ ^^{x^)g^^{z^/z^)T^{z^)T^{z^){5{x^z^/z2)5{x^ZA/z^) + 5{x^z^/ za)6{x^Z2/ z^)) 

+ c2A(x=^)yi3(-2l/-24)ri(z4)T3(zi)(5(x2zi/z2)5(x'-23/-2l) + 5{X''ZJZ^)5{X''Z2/Z^)) 

- d'A{x^)A{x^fTAix-^zi) 

X (5(x^zi/2;2)^(a^^^3/2;i)5(a;^2;4/2;3) + S{x'^zi/z2)S{x'^Z4/zi)S{x'^Z3/z4) 

+ 5{x^ zi/ z^)5{x^ Z2/ zi)5{x'^ za/ Z2) + 5{x'^ zi/ z^)5{x^ za/ zi)5{x'^ Z2/ Zi) 

+ 5(x^2;i/2;4)5(x^2;2/-Zi)(^(a:^^-23/-22) + 5(x^2;i/2;4)5(x^2;2/2;i)5(x^2;2/-S3)) 

We should understand above as Tj{z) — for j > N. 
3.3 Weakly sense equality 

In order to show thorem, we introduce a "weak sense" equahty 

Definition 3.2 We say the operators V{zi, Z2, - ■ ■ , Zn) and Q{zi, Z2, - ■ ■ , Zn) are equal 
in the "weak sense" if 

Y[ s{Zj/Zi)V{zi,Z2,- ■ ■ ,Zn) = Yi *(^j/^0Q(^l>^2,---,^n)- (3.25) 

We write V{zi, Z2,---, Zn) ~ -^2, • • " ? Zn), showing the weak equality. 
For example 5{zi/z2) ~ and ^ S{zi/z2) ~ 0. 
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Proposition 3.3 The following relations hold in the weak sense for 1 ^ j ^ N 

X E n <^)-n^(-^'")E n ^^vT) 



ct(1)=1 t7^[^]+l ct(1)=1 tT^I^l+l 



X U T,«(x^-W^^ (3.26) 

VFe should understand T]\f+i{z) — andwa{j+i) — Wa{i) in the delta-function 5 ^^y^) ' 

Proof We explain the mechanism by the simplest case for A/" ^ 3. 

{gi,2{x-^Z2/z^)T^{z^)T2{x-^Z2) - g2,i{xzi / Z2)T2{x-^ Z2)T^{zi)) 5{x''z^/z2) 
- gi,2{x-'z2lzr)c{5{z2lzr)-5{x-^Z2lz^))5{x'z:,/z2)T^{zr)T2{x-'z2) (3.27) 

+ /\{xZi/z2)5{x^Z:i/z2){fl,2{x~^Z2/Zi)Ti{zi)T2{x~^Z2) - f2,l{xZi/ Z2)T2{x~^ Z2)Ti{zi)). 

Here we have used gi,2iz) — A(2;)/i 2(2;) and 

n _ ^2r-l _ -2r+l \ 

A{z) - A{z-') = c{S{xz) - 5{x-'z)), A{z) = ^ (1 _ _ ^-1^) " (3-28) 

Using 6{zi/z2) ~ and 6{x'^zi/z2)S{x'^z^/z2) ~ , A(a;^) = A(a;^'^), and the defining 
relation of the deformed PF-algebra (2.16), we get this proposition. Q.E.D. 

As the same manner as above, we have the following proposition. 
Proposition 3.4 The following relations hold in the weak sense for i,j^2 

9^, ( ^!:!:^^) T.(x-+-^[ti.oT,(x-+-^[^]^o 



Zl 



X 



leSj t=i 

<r(l) = l tT^Ifl + l ct(1) = 1 



9j. 



x^ J 

Wi 



T,(x^^+^-2[^]wi)T,(a;-i+^-2[^]^i) 



X 



E n ^(^)e n ^(^)- (3-2^) 



Tes,- t=i 



ct(1)=1 tT^Ifl+l ct(1)=1 
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Example The operators Ti{z),T2{z), {z) satisfy 

^1,1 (j) T^{z,)T,{z2) - 91,, (^l) Ti{z2)Ti{zi) 
- c (T,ix-hi)6 (^^^ -T,{xzi)d (^^)) = (3-30) 
91,2 TM)T2{x~'z,) - 92,1 (^) Ux-'z,)T,{zi)^ S 

(3.31) 

92,2 (^^^ T2iZi)T2iWi) - 92,2 (^^^ T2{Wi)T2{Zi) 

^1,3 Ti{zi)T3{wi) -93,1 T3(wi)ri(^i)^ 

(^5'2,3 (^'~^ T2{x~^zi)T3{wi) - 93,2 (~'~^ T3 (z2)T2 



W2 J \ Wi J \ W3 J \ Wi 

We should understand Tj{z) = for j > N. 

Let us introduce ^^-invariance in the "weak sense" . 

Definition 3.3 We call the operator V{zi, Z2, • ■ ■ , Zn) is Sn-invariant in the "weak 
sense" if 

V{zi,Z2r ■ ■ ,Zn) ^V{z^{l),Z^(2)r ■ ■ (cT^Sn). (3.36) 

Example The operator 02{zi, Z2) — 9ii{z2/ Zi)Ti{zi)Ti{z2) — cS{x'^Z2/ Zi)T2{x~^Zi) is 
5'2-invariant. 
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Theorem 3.5 The operator On defined in Theorem 3.2 is Sn-invariant in the weak 
sense. 

This theorem plays an important role in proof of the main theorem 3.1. We will show 
above theorem in the next section. 



3.4 Proof of S'n-Invariance for Onizi, • • • ,Zn) 

In this section we give proof of theorem 3.5. Proof for special case s/2 is summarized in 
[13]. By straightforward calculations we have the following proposition. 

Proposition 3.6 The following relation holds in weakly sense. 

n 9iA^k/zj) Yl Ti{zj) - {zi ^ Z2) 

M t 

Yl Yl (-i)v+i J]A(x2"+^)*+^-" 

X n »m(j) n (-^'«-«'^) n r.^) 

X T,+,(x-^+*-^[|U) E n 5 -(^1-^2). (3.38) 

ct(1) = 1 "5^[|]+2 

We should understand Tj{z) — {j > N). 



Proof of Theorem 3.5 At first we consider 5^3 case for reader's convenience. The operator 
On for 5/3 is written very explicitly as following. 

On{zi, Z2, Zs, - • ■ , Zn) 

E (-c)"^+'"^A(x=')'^3 Y 

ai+2a2+3a3=n I 3 J f-j^i j^^ 

AWc{l,2,....n}, = u3^jU°^jAW={1.2, •■■,«} 

Min(A["^)<Min(A^''^)<---<Min(A^j) 
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X 



X 



n * 



n n 



(2) 



a; z 



'J2 



as 

n 



2 



X z 



'3 1 



^J3 



2 \ / 2 



Z. 



z. 



■32 



13 



_^(3) 
" J,3 



9t,t 



Zk 



n 



fl'1,2 



(1) 

Min 
(2) 



n 



5'1,3 



keA 



(1) 

Mir 
(3) 



n 



92,3 



i&A 

keA 



(2) 
Min 
(3) 



XZfc 



(3.39) 

In order to show (S'n-invariance, it is enough to show the case of the permutations a — 
+ for 1 ^n — 1. Let us study the permutation a = + 1). Because of the 
cancellations, the differnce ■ ■ ,Zi, Zj+i, ■ ■ ■) — • • , Zj+i, Zj, • ■ ■) has simplification. 
We don't have to consider every summation X^r in the definition of On- We 

l^i / .»=i. -.3 

only have to consider the summation of the following three cases for any a — + 1) 

(1) {t,t + l}GUjUAf\ 

(2) Af + 1} for some J, 

(3) a'P = + > i + 1} for some K. 

We have 



^n{zii ' ' ' 1 Zi, • • • , Zji) Oji{zi, ■ • ■ , -Zj+l, Zj, • • • , Zjj) 

— C'n('2'l) ■ ■ ■ ) Zi, Zj-)-i, • • • , Zjj) On^Zi, • • ■ , Zj-i-i, Zj, ■ • • , Zji). 



(3.40) 



Here we have set 



X 



C^n{Zl, Z2, Zs, • • ■ , Zn) — 



as 



Oil '^3 = 
cxi-\-2cx2-\-3cx^=n 



I 



E 



+ 



E 



+ 



E 



..=1.2.3 {-^'^} ..=1.2.3 {-f} .-1.2,3 

3=\,---,as 3=1. ■■■.as 3=1. ■■■."3 

Y{<,i+l}CU^^jAy) A^^'={i,i+1} for some J A^^ ={i,i+\,j\i+\<j} for some K y 
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X 



^(3) 

n n 9... (f) n (^) n 9... (f) n 

t=l lgj</c^n ^ ^(1) \ J / (1) \ J/ (2) \ J 

ftl ■'^ Min ■'^ Min ■'^ Min 

(3.41) 

Let us consider the formulae relating to the first summation in On{zi, ■ ■ ■ ,Zi, Zj+i, • • • , Zn) — 
(^n{zi, ■ ■ ■ , Zi+i, Zi, - ■ ■ , Zn)- Let US Start from 

ai, £12,^3^0 Ia^."'! 1 o ■> 

ai+2a2+3aQ=n I J J ."-^•^'■^ 

{i,i+l}CuJ«^AW 



X Yl ri(2j) (5fii(2;j+i/^j)ri(2rj)ri(2;j+i) -5fii(2ri+i/2;i)ri(^i+i)ri(^i)) Til 

Mxn Mm 
j<i «+l<J 

■'^ Min ^^^Min 

<^2 /2 \ "^3 / /2 \ /2 \ /2 \ /2 

/ ry-^ fy . \ / / ry^ ■ \ I 'T' "y ■ \ I 'y ^ ■ \ / 'If' . 



X 



X 



n n n . H . . rv . 

^(3) 

n n f n ( ^) n ( n ( ^ ) .(3.42) 



ft-) Min ■'^ Min ■'^ Min 



By applying the weakly sense relation in Proposition 3.3, let us change the ordering of 

^(1) ^ 



gii{zi+i/zi)Ti{zi)Ti{zi+i) - gn{zi+i/zi)Ti{zi+i)Ti{zi) and Ti{zj) for j > i + 1 {j e Af ^ 



We have 



J2 {-c^'+^'^'Aix^y' Yl 

«1.«2.«3 = Ia^"'! _i 

ai+2a2+3a3=n I J J 



2,3 
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•' Min L ! ^ / Mm Min 

. ,(3) 



X 



X 



X 



X 



X 



X 



n - n 9.4-) n 9.4-) n - 

fll ('21 Min (s) 



.,n -HV^) n -(t) n ..(^j 

^ J=l,--,as i+Kj 

{i,<+l}CU«i^A(.l) 

.7(2) ...T(3) 



ft K^) ft 

^(2) .(3) 

^(3) 
W=-*i,3 

n (I) n (^) n «3,3 (5) n ..3 (| 



n 9.4—) n 

(2;^ ^ (3.43) 



n -(?).n..(f) 
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By using the weakly sense relations in Proposition 3.4, we move the operators T2{z),T3{z) 
to the right. By changing variables to {Bj^^}, we have 



J2 (-c)^^+2^3A(x^) 



P3 



/3l,/32./33^0 
/3i+2/32+3/33=n 



\^B^j^={i,i+l} for some J B^^^ ={i,i+l,j\i+l<j} for some K j 

X n n n ^3(^,) 



X 



X 



n n n s^f— ) n n ^^4- 

■'^ Min Min ■'^ Min 



Mir 

- {zi ^ Zi+i). (3.44) 

This is exactly the same as the second and the third summation up to signature. Now 
we have shown jSn-invriance of On in "the weak sense" . 

For the second we summareize the proof for sIn- Formulae are more complicated , 
however the idea of the proof is the same. In order to show (S^-invariance, it is enough 
to show the case of the permutations u = (i, i + 1) for 1 ^ i ^ n — 1. Because of the 
cancellations, the differnce ■ ■ ,Zi, Zj+i, ■ ■ ■) — • ■ , Zi-^i, Zi, ■ ■ ■) has simplification. 
We don't have to consider every summation - in the definition of On- We 

/ s=l,---,N 
j=l,---,as 

only have to consider the summation of the following A'"-cases for o" = (i, i + 1) 

(1) {t,t + l}cu]UAf\ 

(2) Af + 1} for some J, 

(3) A'f'' = {i, i + IJsli + 1 < js} for some J, 



^ + 1, is, • • • , i^N + 1 < is < • • • < js} for some J, 
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(AT) 



{i, i + 1, ja, ji, • • • , iiv|i + 1 < J3 < J4 < • • • < Jn} for some J. 



We have 



= (^n(^l) ■ ■ ■ ) ^i) ■ ■ • ) ^n) ~ C^n(-2^1) " " " ) ^i+l, ^i, ' ' ' , ^n)- (3.45) 



Here we have set 

( 



N 



X 



X 



X 



E n 

ai -\-2a2-\ \-Naj^=n 



N 



E 



Y{i,i+i}cu°i^ 



t=2 



A^*'={i,i+l,j3,---,jili+l<J3<---<Jt} for some J y 



t-2 \ 

2M+l\t-tJ-l 



-c}'-'YlA{x 

u=l 



n n 



AT at 



n n E n ^ 



t=l j = l creSt u=l 



2 



Ja{u) 



(*) 



n n 



(t) 



n n »' 

l<t<u<N ipAt) 



X 



u-t-2[^]^ 



keA 



(u) 



(3.46) 



Let us consider the formulae relating to the first term in On{zi, • • • ,Zi, Zi+i, • ■ ■ , Zn) — 
On{zi, • ■ • , Zi+i, Zi, - ■ ■ , Zn). Let us start from 



N 



t-2 



X 



X 



^ 2 and 0:2 ) " ' j"^^ = t=l. 
a J +2a2H \-NcKj^=n 



u=l 



n T,(^,)-ri(^.)7^i(;..+i)- n n n t^.i^-^^^^'^^^.) 



j<i 
N at 



i+l<3 



2<s<Ar .-pjC") 



n n E n * 



2 

X z 



t=2 j=i TeSt v.=i 

_^(t) o-(l) = l 



Z. 



n = 



(t) 

3,t 
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N 

X 



n n a., if) n n U-'^'^'-i^'f) - - ^.«). (3.47) 



It', — — ^'=^Min 

Mm 



By using the weakly sense relations in Proposition ?? we change the ordering of Ti{zi)Ti{zi^i) 
and n 



i+Kj 



N 



E E E E 



ai+2t»2 + ---+JVajv=n t=2 {A*"'} i+l<J3<---<Jt 

ai^2 and a2,--,ajv^0 J M.-'.^SaIV. 

N / s-2 \ / t-2 \ "*+^ 



s=i \ w=l / \ u=l 



X 



E n n n e n \ , 

J1=1,J2=2 ^ J.l' J.'' 

AT 



X 



1*1 ^-i 



n n 9t,sU-'-'^'^^f]-{z^--Z^+l). (3.48) 



We change the summation variables {^^-^^l in 



E E E E 



to the following {-B, }, 



0<t<N—2 ai+2Qi2 + "-+JVQ!jv=" i+l<j3<-<H+2 
ai>2 and a2,---,a„>0 ^ J 's=l,---,N 

{i,<+l}CAy.„ 



EE E • (3-50) 



Sj '={i,<+l,J3''"'3t+2K+l<33<'"<Jt+2} for some J 
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Similtaneously let us use the weakly sense relations in Proposition 3.4 on the commutation 
relations between Ti{z) and Tj{w) for i, j ^ 2 and make the ordering 



n n TA^-'- 



-s-2 



2JZ 



where -B^^^ = {Min{B\^'), ■ ■ ■ , Min{BaJ)}. We have exactly the same summation of the 
second to N-th terms of (9„(- ■ ■ ,Zi, ^i+i, ■ ■ ■) — (9„(- • • , Zi+i, Zi, • • •) up to signature. Now 
we have shown theorem for s/jv case. Q.E.D. 



3.5 Derivation of Laurent- Series Formulae 

In this section we give proof of Theorem 3.2. 



Proof of Theorem 3.2 At first we give proof for 5/3 case. We start from the integral 
representation in (3.2). Let us pay attention to the poles zj^ — x~'^zi, (2 ^ Ji ^ n). 
We have 



= I'-Lm^^- n hiuk-u,)iiT,iz,) 



(3.51) 



Jl=2' 

Here we have set 



dz 



E /•■•/,.., n / n - %) n 



C{1) 







< 




< 


\x~ 




< 




< 1 


Ix" 




< 


\zi\ 


< 


\x~ 


-2^ 1 


< 


\zi\ 


< 


\x~ 




< 




< 1 



„2„ I 10, ^ ■ ^ u ^ ^ 



(3.52) 



(3.53) 



Here C^-s^i is a small circle which encircle x~'^z\ anticlockwise. The region {{^z\^Zk) G 
C^l |a;~^2;;i.| < \z\\ < \x^^^''^Zk\} for 2 ^ k ^ Ji, are annulus. Hence the defining relations 
of the deformed PF-algebra can be used. Let us change the ordering of Ti(^i) and Ti{zk) 
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for 2 ^ /c ^ Ji — 1, and take the residue of Ti{zi)Ti{zjj^) at zj^ — x "^zi. We have 

X J]^ /iii(Mfe - Wi) n f^ii - % - ^ j J]^ h2i\Uj - ui^]a . (3.54) 



2<,]<k<,n j=2 ^ ^ i = Jl+l 



Here we have set 



\x '^Zjl < 


1^1 1 


< 


\x'^z 


\x~'^Zk\ < 




< 


\x'^Zk\ 



l^j <k^n;j,k^Ji). (3.55) 

Let us pay attention to the poles at zj^ = x^zi, (2 ^ J2 ^ n; J2 7^ Ji). We deform the 
RHS of (3.54) to the following. 

^/••7 flv^rr- n T,iz,).ux-'z,). n 

X /ill (life -%) /ii2 - - JJ /l21 fwj - 1*1 + ^ j 



2Sj<kSn j=2 ^ ^ j=Ji + l 



c E /■■■ / TT / 

t^o J Jc(J^)(J2) tJ" 27rV-l2;,- Jc 



dzj f dzj2 



j,=2 Jc{J^){J2) t=i 27rv/-l2;j ic^2^^ 27rV-l2j2 



X n 7^i(%-)-7^2(x-^^i)- n 

JJ /ill (life - «i) hi2 (ui - - ^ J II ^21 (uj ~ "1 + ^) • (3-56) 

i^l.<„ 1—9 \ / 1— 7,_1_1 \ / 



2<,j<k<,n j=2 ^ ^ j=Jl + l 

Here we have set 

C(Ji)(Ji) : |x-2+2«^^-|<|^i|<|x%|, (2^j^n;jV^i: 



^^fel < \z^\ < \x^Zk\, {2^j<k^ n;j,kj^ Ji). (3.57) 



For 2 ^ J2 < Ji ^ n we set 

C(Ji)(J2) : \x-^+^'zj\ <\z,\< \x%\, (J2 ^j^Ji- 1), 
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\x '^Zk\ < \zj\ < \x^Zkl {2^j<k^ n;j,k^ Ji). (3.58) 
For 2 ^ Ji < J2 ^ n we set 

C{Ji){J2) : \x-^+'^z^\<\z^\<\x'z,\, {2SjSJ2;jy^Ji), 
\x~'^Zj\ < \zi\ < Ix'^Zjl, ( J2 + 1 ^ J ^ n), 



1 < 


l^ll 


< ; 


:| < 




< |, 



X ^Zk\ < \zj\ < \x^Zkl {2Sj <kS n;j,ky^ Ji). (3.59) 



The above formulae for this integrand C(Ji)(J2) holds for Re(s) > ^ 3. For = 2 
another treatment should be done. Let us study the first term c / • • • Hj^ji 
See the integral contour C(Ji)(Ji). The region {(2:1,2;^) e |a;~^"'"^*2;j| < \zi\ < \x'^Zj\} 
for j 7^ Ji are annulus. Hence the defining relations of the deformed VF-algebra can be 
used. By using the weakly sense relation in Proposition 3.3, we deform the first term to 
the following. 

'I ■ I iiv^r^ n uz,).T2{x-\,) 

J Jc(j,)(J,) I1 27rV-l^,- 



X J]^ /ill(Mfc - Mj) J]^ /il2 f Ml - Mi - ^ j ■ (3.60) 



2gj<fc^n J=2 



dzi r dz. 



J2 



Let us study the second term — cV" r r ^ ■ ■ ■ fp^n \n \ TT,-^ 7 7 — t^^^ fr^ o ^ 
See the integral contour C{Ji){J2)- The region {{zi, Zj) G C^| |a;~^"'"^*2;j| < |zi| < 
for 2 ^ j ^ Ji, are annulus for Re(s) > N = 3. Hence the defining relations of the 
deformed W^-algebra can be used. Let us change the ordering of Tilzj^) and Ti{zk) and 
make the product of the operators Ti{zj,^)T2{x^^ zi) or T2{x~^ Zi)Ti[zj2) . Let us take the 
residue of Ti{zj2)T2{x~^ Zi) and T2{x~^ Zi)Ti{zj2) at zj^ — x^Zi by regarding the weakly 
sense equation in Proposition 3.3. We have 

c^A(.^)± f...j fi n r,(.,).T3(.o- n j-.fe) 

J'FJ2 J^J2 

Ji-l n 

X Yl hii{uk - Uj) Yl hs {ui - Uj) Yl h3i{uj-ui). (3.61) 

2gj<fe^n i=2 j=Ji + l 

j,k^Jl,J2 ii'-'i ii'->2 
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Here we have set 

C{J,){h) 



\x 



Zj\ < l-zil < \x' ^'zj\, (2 ^ j ^ n; J ^ Ji, J2), 
^'Zk\ < \zj\ < \x^Zk\, {2^j<k^n;j^ Ji, J2). 



(3.62) 



This integral contur C(Ji)(J2) holds only for = 3 case. For N > A case another 
treatment should be done. The region {{zi,Zj) G C^| < \zi\ < \x'^Zj\} are 
annulus. We move ^3(2;^) to the right, and get 



(3.63) 



j,k^Jj_,J2 



j=2 
j9^Jl,J2 



Summing up every terms, we have 

J: -c ^ +2!c=A(.') Y, 



T = 



A(1)={1} 
\a(2)=a(3)=, 



a(2)={1,,} 
A(l)=yl(3)=^ 



a(1)=a(2)=<,i/ 



X 



n 



dzi 



27rv^-Zj 

X n n ^2(x-^^,) n ^3(^,) n ^hk-^.) 



(1) 



jeA 



(2) 



jeA 



(3) 



i,fceAcUA«.„ 



X 



n n huluk-Uj-^j Yl Yl hi3{uk-uj). (3.64) 



Here we set = {1, 2, ■ ■ ■ , n} - U A^^) u A^''^). We have set A^^-^ = {ji} for = 
{ji < J2 < • • • < Jt}- Here we have set C {A'^^\ A^'^\ A^^\ Ac} by 



\x~ 


~^Zk\ < \Zi\ 


< 




\x~ 


-2+2s 1 


^l| 


< 


\x' 




^l| 


< 



Zk\ 



{k e A, for ^ 0), 



\x 



''Zk\ < \zj\ < \x'^Zk\, (i < k;j,k e Ac). 



(3.65) 



Next we deform the part Yl T'i{zj). Let us take the residue at Zj — x ^2^2, and continue 
similar calculations as above. We use the weakly sense equations in Proposition 3.4 and 
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change the ordering of T2{x~^w) and T^lw), without taking residues. Now we have shown 
theorem for 5/3. 

Now we begin Proof for sl^ case. Let us start from the integral representation 1^. 
Proof for generl sIn case is similar as those for 5/3 case. However it is not exactUy 
the same. For example the integral contour C(Ji)(J2) of the equation (3.62) should be 
changed for > 4 to the following. 



\x' 




\zi 


< 


\x^-^'zk\, (A;e Aefor A(^) ^0), 




\x' 




< 


Zl\ 


< \x^zk\, (keAcfovA^^^ ^0), 




\x~ 


-4 1 
Zk\ < 


\zi 


< 


\x*-'^'zk\, {k e Ac for A(^) ^ 0), 




\x~ 


~^Zk\ < 




< 


\x^Zk\, {j < k;j,k e Ac). 


(3.66) 



Here we have to take the residue at Zk = x ^Zi for k e Ac- For proof for slj^ case, we have 
to take the residue deeper. Taking the residue relating to variable Zi deeper, we have 



l(iV) 



Ao={2,-,n}} 



k-1 



+ 



X 



X 



X 



Min{N,n) 

J2 {-c)'-\k-l)\l[A{ 



X 



2u+l\k-u-l 



k=l 



u=l 



n 



A('=) = Oi = l,j2,--,Jfe} 

dzi 



Min Mm "-^ 



2TTy/^Zi 



n T,{z,) n T2{x-'z,)--- n tn{x 



-l+Af-2[f ] 



2'Zi 



Mm ^ 



N 



/ t-1 t \ 

Yl hu{uk-Uj)Y[ Yl Yl hiAuj-Uk + — [-]] 

.,^.(1) J^^Min '^^^Min^^'' 



Here we have set Cl^l^J.^, • • • , A^^}^, A^} by 



x-^^-^z.l < \z,\ < \x''^'-'^Zk\, {k e ^ 0; J < ^ _ 1), 

x-^^-^+^^Zfcl < l^il < (fc e Ae;^^'^) ^ 0; J < y - 3), 

x-^+'^Zfcl < < \x^-^'zkl {k e Ac;A^^-'^ ^ 0; AT even). 



X 



X 



-N- 



-'^^'zk\ < \zi\ < \x^+'-^'zk\, {k e Ac;A^^-'^ ^ 0; AT odd). 



^Zk\ < \zj\ < \x'^Zk\, {j < k;j,k e A^). 



(3.67) 



(3.68) 
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Next we deform the part Yl ^ ^i(^j)- Let us take the residue at = x '^Z2, and continue 
similar calculations as above. We use the weakly sense equations in Propositions 3.3 and 
3.4 and change the ordering of Ti{z) and Tj{w) for i,j ^ 2, without taking residues. We 
get Theorem for sIn case. Calculations for X* are given by similar way. Q.E.D. 

3.6 Proof of = 

In this section we show the commutation relation [I^,In\ — 0. 
Proposition 3.7 The folloing theta identity holds. 

n n+m ^ m n+m ^ 

^ n n h(ua(k) - Ua(i)) ? n n hiu„(k\-ua(i\)' (3-69) 

n n+m ^ m n+m ^ 

5 n n h*iu^(k-)-ua(i^)~ ? n n h^iu^ik^-u^u))' ^^''^^^ 

Here h{u) and h*{u) are given in (3.1). 

This theta identity was written in [8] without proof. We have already summarized a proof 
of the theta identity in [13]. In order to make this paper self-contained, we re-summarize 
the proof, here. 

Proof Let us set 

LHS(n,m) = V IT TT r ~ VH"' ~ (3-71) 

I J|— n 

RHS(n,m) = V TT TT K - + 1].^. - + r*]. _ 

We will show LHS(n, m) = RHS(n, m). LHS(n, m) and RHS(n, m) are an elliptic func- 
tions. Therefore, from Liouville thorem, it is enough to check whether all the residues of 

LHS(n, m) and RHS(n, m) coincide or not. Candidates of poles are Ua = up {a ^ P) and 
Ua = Up — r {a ^ j3). Let us consider = up {a ^ (3) 

jrjor \ f[Ua-Up + l]s[Ua-Ui3 + r*]s [up - + l]s[up - Uo, + r* 

LHb(n, m) — - — — — - — — + 



[Ua - U(=i]s[Ua - Up - r]s [up - Ua]s[up - Ua - r]s 

TT TT ['"fc ~ % + ^Uuk - Uj + r% 

|J|=n-l ^ 
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Hence we have Res„^=u^LHS(n, m) = 0. As the same manner we have Res„^=u^RHS(n, m) = 
0. Therefore Ua — up is not pole. We only have to consider poles Ua — up {a ^ (3). We 
show the LHS(n, m) — RHS(n, m) by the induction of the number n + m. We assume 
n > 1 without loosing generality. At first we show the starting point n > m — 1. 

Y\ -Uk+ l]s[Uj -Uk + r*]s _ TT [Uk - Uj + l]s[Uk - Uj + r*]s , . 

^7=7 [uj - Uk]s[uj - Uk + r]s i^i7=l [uk - Uj]s[uk - Uj + r]s 



Both LHS(n, 1) and RHS(n, 1) have simple poles aX u^ = up — r {a ^ P) modulo Z + Zr. 
Bcacuse both LHS(n, 1) and RHS(n, 1) are symmetric with respect with ui, U2, - • ■ , Un+i, 
it is enough to check the pole at U2 — ui — r. We have 



Res 



U2=ui—r 



LHS(n, 1) = Res 



U2=ui—r 



RHS(n, 1) 



[-r*]s[-l]s [uj -ui + l]s[uj -ui + r* 



n 

J=3 



(3.75) 



We have shown n > m — 1 case. We show general n > m ^ 1 case. We assume the 
equation LHS(n, 1) = RHS(n, 1) for some {171,11). Bcacuse both LHS(n + l,m + 1) and 
RHS(n + l,m + 1) arc symmetric with respect with Ui,U2, ■ ■ ■ ,Un+m+2, it is enough to 
check the pole at U2 = Ui — r. Let us take the residue at U2 = Ui — r for (m + 1, n + 1). 

^ [uk - Uj + l]s[uk - Uj + r*]s 



Res 



U2=ui—r 



E nn 

JC{l,2,--,n+m+2} j^J k4J 
|J|=n+l 



E nn 

JCC{l,2,--,n+m+2} j^Jc ^djc 



[wfc - Uj\s\}ik - Uj + r] 



\uk - Uj + Ijjttfc -Uj-V\ 
\}ik - Uj\s\iih - Uj + r] 



n+m+2 

n 

j=3 



Uj - Ml + Ijsf-Uj - Ml + r*] 
\u,j - U^s\Uj - Ml + r]s 



(3.76) 



X 



E nn 

JC{3,4, •■,n+m+2} j^J k4J 
|J|=n 



E nn 

J=C{3,4,--,n+m+2} jeJc fcrf Jc 
|JC|=m ^ 



[uk - Uj + l]s[Mfe - Uj + r*]< 



[Mjfc - Uj\s[uk - Uj + r], 



[Uk - II J + - II J + /'I. 

[Mjfc - Uj]s[Uk - Uj+r]s 



\ 



) 



We have used the assumption of induction LHS(n, m) = RHS(n, m). Q.E.D. 
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Proposition 3.8 The following weakly sense equation holds. 



On{z\.i ■ ■ ■ Zn)Om{Zn+lT ■ ■ ■ T Zn+m) ^ I I 7 1 — m+n{z\ Zn+m) ■ (3.77) 

gii[Zk/Zj) 



Proof This is direct consequence of the following explicit folrmulae 



N / t-1 \ 



a,a2,---,aj\{^0 t=l \ U=l 

c«l+2a2H i-Naff=n 

2g2a2H hJVajv^n 



N a. t /^2^ 



X 



'J(t(u + 1) 



X 



E n n E n \ , 

{Lj }.=1,...,JV.{«,- }.=1,...,JV (t) „^[*]+l 

3=l---,a3 3=l---,c«3 j,l 

n n n n p-ts) 

Mm 



Here the summation V ^fs), ,(s), is taken over the conditions that 

^'^j 1 s=l,---,N '{"-j i s-l,---,N 
j=l--,oca j=l---,as 



Ut, U- , Lf = {1, 2, • • • , m}, Lf ) n Lf = 0, (z ^ j), 



U 



1 U;^i = {m + 1, m + 2, ■ ■ ■ , m + n}, R^^ n i?}'^ = 0, 7^ j), 



Min{R['>) < Min{R^2 ) <■< Min{R^^]). (3.79) 

Here we have set = LfuRf\ We have set A^]^ = jk for aJ'^ = {ji < J2 < ■ ■ ■ < Js}, 
and A^^-^ = {A^^\, A^\, -, A^^^^ -^}. We want to point out that every term of the summation 
sn(^h delta-function Slx'^Zk/ Zj), (1 ^ j ^ m, m + 1 ^ A; ^ 

3=l---,a3 j=l--,as 

m + n). Dividing Y[ iSiSn gii{zk/zj) to both sides and using l/gii{x~^) — 0, we have 
this proposition . Q.E.D. 



Proof of Theorem 3.1 At first we restrict ourself to the regime, Re(s) > N and Re(r) < 0, 
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in order to use the power series formulae of the local integrals of motion, X„. In Proposition 
3.5 we have shown for a & Sn 

n si.Mk)/Za{j))On{z^(i),- ■ ■ ,Za{n))- (3.80) 

Hence we have 
I -I 



Y[ s{Zk/Zj)Onizi,---,Zn) s{Zk/ Zj)Ora{Zn+l-, ' ' ' ■, Zn+m) 



1 ,Z1 • ••Zji-\.ri 



^ n n+m ^ 

u;:^^ E n n <,,-u n «(w^.-)a+m(^i,---,^n+j 

[n + m). ^^^^^^ .^^ ^^^^^ n[u^^k) u^{j)) ^^^^^^^^^ 



(3.81) 



Hence the commutation relation X„ • Im = 1m ■ In is reduced to the theta identity in 
Proposition 3.7. 

n n+m ^ m n+m ^ 

o-e5m+n J=l A;=n+1 ^ ^ ' aeSm+n J=^ k=m+l ^ ^ ' 

Proof of the commutation relation [1^,1*] = is given as similar way. Here we omit 
details for I*. Q.E.D. 

4 Nonlocal Integrals of Motion 

In this section we give explicit formulae of the nonlocal integrals of motion. We study 
generic case : < x < 1, Re(r) ^ and s e C (resp. < x < 1, Re(r*) ^ and s e C). 

4.1 Nonlocal Integrals of Motion 

We explicitly construct the nonlocal integrals of motion and state the main results for 
N ^3. The results for A?" = 2 is summarized in [13]. 

Definition 4.1 

• For the regime Re(r) > and < Re(s) < A^, we define a family of operators Q^n, (^ — 
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1,2,---) by 

N m 



nn 



(t) 



.(2) 



AT 



(t) 



X 



n n [ 

*=1 l^i<j^m 



(«) (*) 
u) — Uj 



(*) («) 1 



nnK'-»r'+i-' 



X 



(m 



AT 



n - 



(AT) , S 



AT J 



(1) 



(2) 



(TV) 



(4.1) 



Here we have set the theta function ^{u^^^\u^'^^ \ ■ ■ ■ \u^^^) by 

. . . I^W +r| • • • l^iW) = i?(tiW| • • • • • • (1 ^ i ^ AT) (4.2) 

^?(„(l)|...|^W+^^|...|^{A')) 
^ g-2^ir+2^K_i-2ut+«t+i + VKr-l)Pa,)^(„(l)| . . . . . . |^(iV)^^ (1 ^ i ^ A^), (4.3) 

i?(iiW + A;| • • • + A;) = ^?(i^(')| • • • lu^""^), {k e C), 
rj{^{u^'^\ ■ ■ ■ |w(^))) = ^(w(^V(i)| ■ ■ ■ |w(^-^)). 

ifere ^/le integral contour C is given by 

.(*)| / u.-2+#.(t+i)| ^i^t^N -l,l^i,j ^m), (4.6) 



(4.4) 
(4.5) 



I 2£ (t+l)| 



<\zr\<\x-'+^zf+''>\ 



^^-^^1 < l^^"*! < \x ^^,■^''1, (1 ^ i,j ^ m). 



(4.7) 



For generic s e C, ^/le definition of Qn should be understood as analytic continuation. 
We call the operator Qn the nonlocal integrals of motion for the deformed W-algebra 

• For the regime Re(r) < and < Re(s) < A^, we define a family of operators 
Sm: (m = 1,2, • • •) by 

N m „ J it) 



i=i ^.=1 Jc 27rV-lz) 

N 



X 



n n K- 



U 



it) 



(*) (*) , 1 



N-1 m 

nn[ 

t=i i,j=i 



(t) (t+i) 

U) — Uj 



-r . 



N. 
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X 



u 



(1) 



0=1 



E 



u 



3=1 



Here we have set the theta function '&{u^^^\u^'^^\ ■ ■ ■ \u^^^) by 

=^(„(i)|...|„W|...|„W)^ (l^t^N) (4.9) 



(4.8) 



^ g-2,rir-2liK_i-2«,+«,+i+VK^Pa«)^(^(l)| . . . . . . |^(iV))^ {1 ^ t ^ A^)(4.10) 

i^{u^^^ + k\--- + A;) = ^9(mW I ■ ■ ■ |tx(^)), (A; e C), (4.11) 

77(^(u(i)| • • • |«(^))) = ^(«(^)|u(i)| • • • |«(^-i)). (4.12) 

Here the integral contour C is given by 

.(t)i 



I 2£ (t+l) 



, {l^t^N -1,1^ i,j ^m), (4.13) 



(4.14) 



For generic s E C, the definition ofQn should be understood as analytic continuation. We 
call the operator Qn the nonlocal integrals of motion for the deformed W -algebra Wq^t{slN)- 
• For Re(r*) > and < Re(s) < A'", we define a family of operators Q^, (m = 1, 2, • • •) 
by 



N m 



t=lj 



dz 



AT 

n n K- 



u 



it) 



(*) (*) , 1 

Uj ' -ul' + 1 



X 



3 



N\r* 



X 



N—1 m m 

(TV) 



JV — ± flL 

nn[' 

t=\ i,j=i 



^- E 



u 



(1) 



E 



u 



(2) 



E^i 



(4.15) 



Here we have set the theta function t&*{u^^^\u^'^^\ ■ ■ ■ |-u*^^^) by 

r (ii(i)| • • • \u^'^ + r| • • • |ii(^)) = r (ii(i)| • • • \u^'^\ ■ ■ ■ |ii(^)), {l^t^N) (4.16) 



-27rir+ ^ (ut_ 1 -2wt+«t+i+i/r(r-l)Pai ) ^* (1) I 



(^)), (1 ^ t ^ Ar)(4.17) 



r(w(^) + A;|---|M(^) + A;) =r( 



(1)1 



m(^)), (A;eC), 



77(r(ii«l • • • |iiW)) = r(iiW|ii«| • • • |ii(^-^)). 



(4.18) 
(4.19) 
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Here the integral contour C* is given by 



I _2+2» (t+l) I 



I 2j. (t+l) 
< Iz-"'] < \XNZ] ' 

I £ I I J 



, {1 ^t -1,1 ^i,j ^m), (4.20) 



X z^'l < \zl^^\ < \x^ "'^ z^'l, (1 ^ i,j ^ m 



(4.21) 



For generic s G C, the definition of Qn should he understood as analytic continuation. We 
call the operator Qn the nonlocal integrals of motion for the deformed W -algebra Wq^t{slN)- 
• For Re(r*) < and < Re(s) < N , we define a family of operators Q^, (m = 1, 2, • • •) 
by 

AT 



X 



n n N"- 



U 



(*) (t) 1 



N-l m 

nn[ 

t=i i,j=i 



u]' -u) ^ + 1 - — 
^ N. 



m 



(1) (N) , S ' 



X 



u 



(1) 



E 



u 



(2) 



E 



(N) 



(4.22) 



ifere u;e /lave set the theta function {u^^^u^'^^ ■ • ■ \u^^^) by 



. . . l^W + ^1 . . . \uW) = r . . . . . . \uW)^ (l^t^N) (4.23) 



r{u^'^\---\u^'^r*T\ 



\u 



-27rir- 



g ^,'K-i-2«*+«*+i+V'-(r-i)J'a*)^?*(^i(i)| . . . \u(t)\ . . . \u(^))^ {l^t^ N14.24) 
r(«(i) + A;|---|«(^) + A;) =r(M«|---|M(^)), (A; e C), (4.25) 
ri{r{u^^^\ ■ ■ ■ |k(^))) = r (m^^V^I • • • 1^(^-1)). (4.26) 

Here the integral contour C* is given by 

< l^f I < Ix-^+wzf^-^^l (1 ^ i ^ TV - 1, 1 ^ i, J ^ m), (4.27) 



x'^ N zf^\ < {z^^^'l < \x (1 ^ i,j ^ m). 



(1)| 



(4.28) 



For generic s & C, the definition of Qn should be understood as analytic continuation. We 
call the operator Qn the nonlocal integrals of motion for the deformed W -algebra Wg^ti^l n) . 

We summarize explicit formulae for the integrand function '&{u'^^^\u^'^^\ ■ ■ ■ \u^^^). 
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Proposition 4.1 For ai, a2, • ■ ■ , ckn G C and Re(r) > 0, we set the theta function 



X [1,(2) - 1,(3) _ 



X • • • 

X [«(^) 



(1) 



/rT*Pe2 + «l^ei + "2^62 H ^ ajV^€Ar]r 

^Pes + aiPfi + Q;2Pe2 H ^ QiArPeivlr- 

/rr*Pe^ + aiPfi + «2^€2 H ^ ajvP^^lr. 

(4.29) 



r/iis theta function • • • \u^^^) satisfies the conditions 



Mu^^^ I • • ■ 1^^*^ + ^1 • • ■ l^^"^^) = Mu'^^^ I ■ ■ ■ iw 



Im^^'O, (l^t^N) (4.30) 
^„(M«|---|MW+rr|---|M(^)) 



i?«(n(^) + k\--- + fc) = t?„(M(^)| ■ ■ ■ |m(^)), (fc e C), 



W))=^„(«W|««|...|«(^-i)). 



Proo/ Let us set l?(«(l)| ■ ■ ■ |mW) = [m« -W^^) +7^^ 2]^[^(2) _„(3) +^2,3]r 

TTATijr. The second quasi-periodic condition is equivalent with 



u 



(4.32) 
(4.33) 



/ 1 
-110 

0-110 









^2,3 

7ri,2 



/ P \ 



\ -1 iy \ ttn,i J 
Hence we have the general solution for iti^i+i by 



P, 



C12 



P 



as 



(4.34) 



/ ^1,2 \ / 



7r2,3 



/rT*Pe2 + aiPfi + Q;2Pe2 + 

/rr*Pg3 + aiPfi + Q;2Pf2 + 



+ ajvPf ^ 



+ QiArPe 



(4.35) 



\ TTiV,! y y -V^Pei + QJiPgi + Q;2Pe2 H ^ ttivPfAr / 

where cci, q;2, • • • , a.^ £ C. Other conditions are trivial. Q.E.D. 
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Example For N — 2, m — 1 and Re(r) > case, we have 

- Fi(^0^2(^2)t- , s.\! r—^- (4-36) 




Here C is given by 



Example For N — Z^m — \ and Re(r) > case, we have 

dz\ dz2 dzs 




c 2n\^^^zi 2n\^^Z2 2n\^^^Zs 



Fi{zi)F2{z2)F^{z^) 



X ^{U^\U2\U3) 

[U1-U2 + I- f]rK -U3 + I- l]r[ui -U3 + |]r 

Here C is given by 

|x 3 2^21 < pi| < |a; 3 2;2|, |a; 3 2;3| < |2;2| < |x "^3 2;3|,|a; 3 < l^sl < |x ^ Zi\. 
The foUowings are some of Main Results. 

Theorem 4.2 The nonlocal integrals of motion Qn commute with each other. 

[Qm,Qn]^^, (m,n = l,2,---). (4.38) 
The nonlocal integrals of motion Q* commute with each other. 

[S*m,S:] = 0, {m,n = 1,2, ■■■). (4.39) 

Theorem 4.3 The nonlocal integrals of motion Qn o-nd Q* commute with each other for 
regime < Re(r) and Re(r*) < 0. 

[Qm,G*n]^0, (m,n = l,2,---). (4.40) 

Theorem 4.4 The local integrals of motion In, and nonlocal integrals of motion 
Qm, Qm commute with each other. 

[Tn,Qm] = 0, [Xn,^;] = 0, {tu, n = 1,2, ■■■) , (4.41) 
= 0, K,e?;] = 0, (m,n = l,2,---). (4.42) 
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4.2 Proof of [Qm, Qn] = 

In this section we study the commutation relations [Qmi Qn] — for Re(r) > 0. We omit 
details for other cases, because they arc similar. 



Proposition 4.5 For Re(r) > we have 

E E 



m 



■ E ?"(E 



U 



(1) 



E 



(2) 



E 



(iV) 
o-]v(j) 



X 1?. 



/ m+n 
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"'^iv(j) 1 


\j=m+l 


j=m+l 




j=m+l / 



X 



nn n 

t=l 1=1 j=ra+l 













+ 1-4 
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L^*^ - 


it) 


l] 

J r 



n 



m+n 



X 



X 



( E 



Kj=n+1 



m+n 

E 



(2) 

'<^2(j) 



m+n 



(1) 



E E - E ^'ME"..(,) 



E 



(2) 

'o-2(i) 



E 



(TV) 



E 



(TV) 

'o"iv(i) 



nnn 

t=l j=l j=n+l 



TV n m+n — 'U^*~'~^^ 



j=n+l 
crt(i) ~ '^(Jt+l(j) ~ TV 



j=n+l 



+ 1_ A 

ut+i(t) ut{j) TV 



(*) _ (*) 

^(Tt(i) '"(Tt(j) 



_ Jf) _ 1 



(4.43) 



i^ere • • • \u^'^^) and 'di3{u'^^'>\u^'^^\ ■ ■ ■ are given by 

da{u^^^\ ■ ■ ■ +r| • • • = • • • \u^'^\ ■ ■ ■ {l^t^N) (4.44) 

^ g-27riT+^(«t_l-2«t+«t+i+^r(r-l)PcJ+i.„,t^^^^(l)| . . . |^(t)| . . 



(4.45) 



u 



m(^)), (l^t^TV) (4.46) 



|«W)=^^(«W| 

i?^(i^(^)|---|iiW+rT|-->(^)) (4.47) 

^ g-27rir+^(«t-i-2«t+«t+i+^r(r-l)Pat)+i^^j,t^^^^(l)| . . . |^(t)| . . . I^^W)^ (1 < ^ < N). 

Hereu^,t,m^'^> (l^t^N). 

Proof. In order to consider elliptic function, we divide the above theta identity by 
MET=r4^\ ■ ■ ■ I E^r^r) with u,, eC,{l^tS N): 



\u 



\u 



(^)), (l^t^A^) (4.48) 



42 



g-27rir+2li(ut_i-2«t+«t+i+^r(r-l)Pa,)+i/^,t^^^^(l)| 



\U 



(t)| 



(4.49) 



Let us set 
LHS(m, n) = 



E 



iflU/fC = {l,2,---,n+m} Kj^UK'j^={l:2.---.n + m] 



X 



?„fE«f 




E 4""! 








E -f] 


/ m+n 

9. E 




m+71 \ 

E'-r 





„ n n K'-»r+i-^], n nt 



t=i 



(4.50) 



(t+i) ^(t). s 



ieKt+i j&K^ 



nnK'-i'lN"- 



(*) (*) 1 
— M,- — 1 



RHS(m,n) = 



E 



E 



/fl UKJ = {1, 2, ■■■,n+m} JfjvU-Kj^ = {l,2,'",»i+m} 

|ifll=n,|Kj|=m |Xjvl=n,l-;f^l=m 



?.fE4" 




E <'] 








E »r'l 


/m+n 

E "S" 

\i=i 




E-r 





X 



.n n [ 



nn 



(t) (t+i) , 1 

— +1 



R n n 



(4.51) 



H ^^i- +]V, 



it) (t) 



Candidates of poles of both LHS(m, n) and RHS(m, n) are uf^ — uf' and lif^ = uf' + 1 
and ■j^-y = 0. Let us show that the points uf^ — uf^ are regular. Take the residue of the 
LHS(m, n) at — . We have 



Res 



+ 



X 



E 



E 



E 



|Z,l|=m-l,|Z,f |=n-l \Ki\=m,\K^\=n \Kj^\=m,\K^\=n 
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X 



X 



X 



X 



X 



X 



ieLiU{l} 



3&Km ieLfu{i} 



2^ 



(i)i 



m+n 



U 



n+m 



n [^^i^^ - <^ + 1 - ' 



2 "T 



Ni 



- u? - 1 



n H 



_ „(») + 1. 

' N 



N 



n[ 



r L J r 



nn^ 



n nK'-»f+i-| 



nnK'-"?! 

n n K'-«r'+ 



TV 



nn 

ieLijeLi 



n 

t=2 



n n [»f-»r+i-^^ 



n 



(4.52) 



nnK'-^flN"-".'"-!] 



= 0. 



Because the first term : Res (i)_ (d ( (d V) — oT^ + TTT^ — (d, /(d (d ) = 0, 

we have Res^(i)^^(i)LHS(m, n) = 0. Because LHS(m,n) is symmetric with respect to 



^1 —"-2 

,(1) 



variables ■u^^'', ■U2^'', ■ ■ ■ we have Res^(i)_^(i)LHS(m, n) = for l^i^j^m + n. 



As the same manner as above, we conclude that points uf^ = uj' of LHS(m, n) and 
RHS(m, n) for 1 ^ t ^ N, 1 ^ i ^ j ^ m + n are regular. Let us show LHS(m, n) = 
RHS(m, n) by induction for m + n. Candidates of poles are only uf^ — u^-^ ^ N 

and l'^i^j^m-\-n. We assume 1 ^ m < n without loosing generahty. (The case 
m = n is trivial.) At first we show the starting point 1 — m < n : LHS(1, n) — RHS(1, n) 
. By straightfoeward calculations, we have 
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(4.53) 
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E"f 
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(4.54) 



Upon specialization 1^^*^ = + 1, (1 ^ i ^ AT), we have ^ ' a, ' = 

[m^ '-U^ ']r{u) '-u\ '-l\r 

^ — ^^^5 — (t) — Hence we have Res (d (d ■ ■ ■ Res (iv, (n) LHS(1, n) = 
Res (i)_ (1) ■ ■ ■ Res (iv)_ (at) RHS(1, n), using periodic condition 'daiui'' -\-k\ - ■ ■ Ihi^^ + 
^) = ''^a(iii^''| • • • Ki^^)- Both LHS(l,n) and RHS(l,n) are symmetric with respect to 
u^^li, we have 



Res 1) 1) , , 

=u) +1 

H 31 



Res (jv) (jv) LHS(l,n) = Res 



„(i)=„(.i)+i • • • R-es (jv) w RHS(1, n), 

SI 31 IN 



(4.55) 



for 1 ^ it 7^ ^ n + 1 and 1 ^ f ^ A^. After taking the residues finitely many times, 
every residue relation which comes from LHS(l,n) = RHS(l,n), is redued to the above 
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(4.55). Hence we have shown the starting relations n > m — 1. For the second, we show 
the general n > m ^ 1. We assume the relation LHS(m — l,n — l) — RHS(m — 1, n — 1). 
Let us take the residue at uf^ — u^^ + 1, (1 ^ i ^ A?"). We have 



^^^4'^=«P+i ■ ■ ■ Res^(]v)^^{iv)_^^(LHS(m, n) - RHS(m, n)) 
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(4.56) 



We have already used the hypothesis for (m — 1, n — 1). Both LHS(m, n) and RHS(m, n) 
are symmetric with respect to u(\u2 \ ■ ■ ■ , u"m+ni have 

Res (1)^^(1) • • • Res^(jv)^^(iv) LHS(m, n) = Res ri) (i) • • • Res (iv)^^(iv) RHS(m, n), 

(4.57) 

for 1 ^ it ^ m + n and 1 ^ t ^ N . After taking the residues finitely many times, 
every residue relation which comes from LHS(m, n) — RHS(m, n), is redued to the above 
(4.57). Hence we have shown LHS(m, n) = RHS(m, n) for n > m ^ 1. Q.E.D. 
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Now let us show the commutation relation [Qm, Gn] — 0. 

Proof of Theorem 4.2 We show [Gm, Qn] = for Re(r) > and < Re(s) < N. Others 
are shown by similar way. We use the integral representation of the nonlocal integrals 
of motion. In this regime, the integral contour exists in annulus. Hence we can use the 
notation [■ ■ ■]i^zi---z„- The following operators in the integrand of the nonlocal integrals of 
motion satisfies the ^^-invariance. For ui, cr2, • • • , uat G Sm+n, we have 
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(4.58) 
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AT , r (*) - ^ 



- nn n 

t=l i=l j=m+l 



''(Ttii) ^at+i{j) 



o-t+i(j) o-t{j) 



(4.59) 

Therefore we have the following theta function identity as a sufficient condition of the 
commutation relations Q^n • Gn — Qn' Qm- 
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(4.60) 



This is a special case z/^ f = z/^ f = 0, (1 ^ t ^ A^) of the theta identity in Proposition 4.5. 
Now we have shown Theorem. Q.E.D. 



4.3 Proof of [Im, Qn] = 

In this section we give proof of the commutation relation [X^,, Qn] = 0. The fundamental 
operators Aj{z) and Fj{z) commute almost everywhere. 

[AJ+^{z^), Fj{z,)] = {x^* - x'^y (x"^'^^^^ Ajix'-^"^^ z,). 

Hence, in order to show the commutation relations, remaining task for us is to check 
whether delta-function factors cancell out or not. The Dynkin-automorphism invariance 
Tjllm) — Im-i vi^m) — Qm-i which wc wiU show later, plays an important role in proof of 
this commutation relation [X^, = 0. 
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Proof of Theorem 4-4 For ^ while we consider upon the regime: < Re(s) < N, 
< Re(r) < 1. At first we show the simple case, = 0, for reader's convenience. 

Using Leibnitz-rule of adjoint action [A, BC] — [A, B]C + B[A, C] and the invariance 
r]{Ii) — 111 we have 
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(4.61) 



Here we have set 
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(4.63) 



Let us change the variable ~^ x^'^ z^^ in the first term of (4.61). Using the periodicity 
of the integrand, we deform the first term to the second term of (4.61). 



N n 

nn 



(v) 



i=i t=i JiitJ) 27rA/^4"^ 



F,{z['^)...F,{z?)...F,{z^l,] 



X 



X 



N 



n n K'-J 

*=1 l^i<j^n 



it) 



U 



(*) (*) 1 

, — u] — 1 



N-l n n 
t=l i,j=l i,j=i 



-WE 



u 



(1) 



t=i i,j=i 

N n 



7 = 1 



E" 



(2) 
'j 



(n) 



X 



n n [ 



W it) 
u) - Uj 



«f-«<"-l] 



AT-l n 



E 



u 



(1) 



E^" 



(2) 



E 



(N) 



E 



(W) 



(4.64) 



Hence we have 
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n N n 

Enn 



(u) 



(n) 



{N- 



X 



n n [ 

*=1 l^i<j^n 



— Uj 



u 



(*) 



(*) 



AT-l n 



n n - 



n 



n N" - 



r . 



X 



(1) 



n N n 

-'•)Enn 



E 



(iV) 



X 



X 



j=i u=ik=i'^c'(Nj) 27rV-l4 



■Fn{z, 



(N-l) 



n n K- 



it) 



(*) {*) 

m} -u\' 



N-l n 



n n N" - 



t=i i,j=i 

n 



J TV 



7t 

n N" - 



^ Ni 



X 



" E 



u 



(N) 



Here we have set 



E"! 



(1) 



E 



(JV-l) 



(4.65) 



C(iV,i) 



I 4r-2+2£ (iV)| _ 
P 4 I 



\X 



< X 



-2r+2-2l^(JV) 



I -2r+2-2£ (AT), 



< Z 



^ I 2r-2^ (N-l) I 
< \X N zl '\ 



, (1 ^ A; ^ m), 



C"(A^,J) 



I — (i)i ^1 Wi 

I 2r-2+f (iV-l)| 



< |x-2+t4^)|, (1 ^ A; ^ m), 



(4.66) 



I 2r-2+§ (AT-l), 



■4r+2- 



NZi 



(N-l), 



\X 



-ir+2- 



AN-1), 



\X N z 



(iV-l)| 



< \z 



lx ^''"^^4^^ I < \z 



< \X Nz 



(N-l) 



(4.67) 



Using the priodicity of the integtrand, we have [Xi, Qn] = 0. For the second, we consider 
the commutation relation [X„j, = 0. By using Leibnitz-rule of adjoint action and the 
invariance r]{Im) = Imi we have 
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TV— 1 m n N n 



dz 



(«) 



(1) 



1^ ^ fc=^ •^C'(tj) 27r"\/^2;^"^ y 



n n [ 



(t) it) 



(*) (*) 1 



N-1 n 



nnK'-". 

t=i i,j=i 
( 



7t 

n hs^^ - 



J TV 



n 



dwk 



+n 



3_ 



<i > 27rV-lw;fc , 



J*) 



1 - 



"W" 



At{x-'+"^'zf)F,{zfl,) ■ ■ ■ F^{z^^)T,{wi+,) ■ ■ ■ TiK ^ 



7V-1 m n N n 



t=l i=l j=l «=1 fc=l 

AT 

n n K'- 



dz 



{u) 



fWE 



u 



(1) 



it) 



*=1 l^i<j^n 



(*) (*) 1 



Af-l n n 



J V — 1 /i 

nn[' 



n 

fe=i 



<1 



+n 

fc=i "'^n 



a; N Wi 



TtT 



>l 



27rv^w 



1 - 



a; iv ui. 



.(«) 



JI /iK - vi)T,{w,) ■ ■■T,{wi^,)F,{z?) ■ ■■Ftizfl,) 
At{x'+'^zf^)Ft{zfl,) ■ • •F^(4*))ri(«;,+i) • --niwrn) 
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m n N n 



X 



,J=1 j = l u=l fe=l •'t^ V 

N 

n n 



(JV) 



(*) (*) 
Mj- - Mi 



(A'-l) 



JV-l n 



nnK'-". 



t=i i,j=i 

m 



J- ^ TV 



7t 

n N" - 



r . 



4"^^ + ^ 

J TV 



X 



n 



dwi 



Y\ h{vk - vi)Ti{wi) ■ ■ ■ Ti{wi-i] 



X 



AN) 



(4.68) 



Here C{t,j), C'{t,j) are given as the same manner in proof of = 0. Let us 

change the variable zf^ — > x^'^zf^ in the first term, upon the conditions < Re(s) < 
< Re(r) < 1. Using periodicity of the integrands, we have the cancellation of the first 
and the second terms of (4.68). 



AT n 

nn 



dz 



(u) 



X 



N 

n n 



We 



(*) 



E 



(2) 



(iV) 



^ - ^ - 1 



iV-1 n 



nnK'-". 



X 



n 



V 



fe=i 



N 
dwk 



nK'- 



(N) , S 



<i 



dwk 



1 - 



>i 



,(t) 



X J] h{vk - vi)T^{w,) ■ ■■T,{wi_i)F,{z?) ■ ■ ■ Ftizfl,) 

l<k<l<m 



X A(a:-'-+^*^f 



)F,{z^l,) ■ ■ ■ F^(4*))Ti(.i;,+i) . . . T,{w, 



N n ^ , (u) / m 



TV n „ 

= nn L 



E 



(2) 



E4 



(JV) 
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N 



n n 

' = 1 l<i< /S;, 



(*) (*) 

u) ' -uy 



■ir- ' — u\' — \ 



X 



X 



N-l n 

t=l ij=l i,j=l 



iV — ± 11 

nn[' 



7t 

n H" - 



^ Ni 



n 



J 



1 - 



2s ( 



+n 

fe=i'^-fn 



"W" 



>1 



a; TT^Wi ^ 



X J] /iK-i;;)TiK)---Ti(w,_i)Fi(4*V--Fi(^f J 



(4.69) 



Hence we have 



ra n N n 



i=i j=i u=i k=i -^f^Wj) 27rV-l4 Vj=i 



(1) 



(7V-1) 



X 



n n K'- 



(t) (t) T 



X 



Af-l n n 
t=l i,j=l i,j='^ 

C?Wfe 1 



n 



\ 



+n 



(iV) 



X N Wi 
JN) 



X JJ h{vk-vi)Ti{wi)---Ti{wi^i) 
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{x- 



N 



m n N n „ ^ ("") 

1 fcJ ii fc.1 -'c^'Cj) 2irV^4 



(iV) 



0=1 



(1) 



(7V-1) 



X 



n n [ 



(*) ..(*) 



u) — u 



N-1 n 



nnK'-". 

t=i i,j=i 
( 



X 



n 



+n 



dwk 



It 

n N" - 



r . 



J TV 



<i 



r+2s (JV) 



X N Wi 



) 



l<k<l<m 



(4.70) 



where C{N,j), C\N,j) are given as the same manner as the case of [Xi, = 0. Chang- 
ing variable z^^^ x'^^Zj^\ we have the commutation relation [Ini,Gn] — 0. Other 
commutation relations : [T^, Q*] — [Tj^, Gn] — [^m^ ^nl — shown by similar way. We 
omit details. Q.E.D. 



4.4 Proof of [Qm, Q'n] = 

In this section we give proof of the commutation relation [1^, Gn] — 0. The fundamental 
operators Ej{z) and Fj{z) commute almost everywhere. 

[Ej{zi),Fj{z2)] = ^-^{S{xz2/zi)Hj{x'z2)-5{xzi/z2)Hj{x-'z2)). 

X — X ^ 

Hence, in order to show the commutation relations, remaining task for us is to check 
whether delta-function factors cancell out or not. 

Proof of Theorem 4-3 We consider the regime Re(r) > and Re(r*) < 0. At first 
we consider the simple case : [Gi, G*] — 0. Using Leibnitz-rule of adjoint action and the 
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commutation relations of screening currents Ej{z), Fj{z), we have 

A A 9ir,/3Tr(9) 9-7r 

t=l 5=1 



AT AT TV 



E n n i., ■ -a- 

(4.71) 



Here we have set 



liqiN ) 



X 



X 



Here the contours C^*-' and C*^*^ are characterized by 



(4.72) 



„(*)=«- 



X N z 



Ix^ z 



-2r- 



-2-2r+|f^(t+l) 



X 



-2r+3- 



\X 



-2r+l+ 



2s 
2s 



Z^"' < x~ 



X ^'^Nw 



< Iw^'^^l < \x-^+'^w^'^+^^\, (1 ^ g(7^ t,t - 1) ^ A^), 



X^w 



(9+1)1 



(4.73) 



2r+2- 



N Z 



,\X N z"- 



< \z^^'^ \ <\x N z 



(t-l)l \-2+^Jt+\) 



„3- 



2s 



< \x 



2r-l- 



Nyj 



,\X N z^ 
(t-l)| I 2r-3+f ,„(t+l) 



< Iz^-?)! < |x-2+77^fa+i)|^ (1 ^ t,t - 1) ^ AT), 



< < (I ^ q^. t,t - 1) ^ N). 



(4.74) 



Let us change the variable z^*) ^ x'^'^z^^^ of the integrand B^*\x '^z^*^; {-z'-^^Ii^^^at, {i^*^^^} i^g^jv ) 
and the contour C^*^. Using the periodic condition of theta function [u + r]r — — H^, we 



56 



have {z(9)}i^g^jv, {w^^^} ) and C*^*^ . Hence we have 



TV TV 



g=l p=l 



Therefore we have [^1,^1] = 0. Generahzation to generic parameter < Re(r) < 1 
and s e C should be understood as analytic continuation. For the second, we consider 
[Qmf Gn] = 0. Using Leibnitz-rule of adjoint action and the commutation relations of 
screening currents Ej{z), Fj{z), we have 

A' n m N n N m 



t=l 1=1 j=l q=l k=l p=l '=1 ^Zf, ZTTV 



N n m N n N m 



X 



t=l i=l j=l q=lk=lp=l i=i -^W,/ ^TTV-J-^fe 27rV--l-W, 

(x^zf^; {zf},s.S.,{w^^^} ) . (4.76) 



Here we have set 

i 

1 



f^;{^<'>},s,s„, {«,<«>} 



X — X 

X ■ ■ ■ ■ ■ ■ • 

X ...EM''')■■■E.{wi!:')F,{zr)■■■F^{zi:^^) 



N 



n n 

9=1 l<fe<;<n 



X 



N-1 n 



nnK'-r+i-^l^nt 



g=l fe,i=l " " " ' k,l=l 
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N 



X 



n n 

'1 = 1 i<^</<; 



J — L 



Af-1 n 

nn 

(3=1 fc,i = l 



4«) _„(.«) + ! 



k,l=l 



n 14"-'',""+ 



AT 



X 



(1) 



kfe=i 



fe=i 



(2) 



E«f' 'ME4 



(1) 



fe=i 



E 

fe=i 



,(2) 



E' 

k=l 



Vi=U- 



(4.77) 



Here the contours Cf] and Cf] are characterized by 



c 



it) 



^,3 



a;^ 'V-zr ^'\,\xN z^y < \zy\ < \x' 



-2r- 



N Z 



(t-l)l 



-2'-+3 AT^V" -'\Jx ""^'^NW^ 



\X 



-2r+l+2f^„(t+l)| 



< < ^ g ^ TV; (g, ^) ^ (^,0,(^,0 ^ (i- l,i)), 

;^+^)| < h^^l < (1 ^ 5 ^ TV; (q, k) ^ (t,j), {q, l)^(t- 



2s 



(4.78) 



2r+2-2l (i-l)i I 2r+^ I ^1 (*) I ^1 -— (i-l)l i -^t 

^ AT^;,! '\Jx^ N zl '\ < Izyl < \X N zl '\,\X ^Nz 



\X N zl 



2+-^(*+^)|,(l^;t^n), 



< 14'') I < |a;-2+t4'^+i)|, (l^q^N- {q, k) + {t,z), {q,l) ^ {t - 1,.)), 



(4.79) 



Let us change the variable zf^ x'^'^zf^ of the integrand B^^^ {x "^zf^ ; {z^^^ji^q^N , {w^^} i^q^N ) 



and the contour C^j . Using periodic condition of theta function [ii + r]r = — Hr, we have 
B^^\x'^zf^; {z^''}i^q^N , {w^k^} i^q^N ) aud the contour C^-*-. Hence we have 



N n N m 

nnnn 

5=1 k=l »=1 !=l 
N n N m 



dzil)k 



1-ri-ri-ri-r V dz^''^" dw^^^ 



l<k<n 



(4.80) 



Therefore we have shown the commutation relation [Q^, — 0. Generahzation to 
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generic parameter < Re(r) < 1 and s e C should be understood as analytic continua- 
tion. Q.E.D. 



5 Dynkin- Automorphism Invariance 

In this section we consider the Dynkin- automorphism invariance of the integrals of motion. 
5.1 Dynkin- Automorphism Invariance 

The integrals of motion are invariant under the action of the Dynkin-automorphism. 

Theorem 5.1 The local integrals of motion In, I* are invariant under the action of 
Dynkin-automorphism rj 

rj{In)=In: ViK) = (^^N). (5.1) 



Theorem 5.2 The nonlocal integrals of motion Qn, Sn ^'^^ invariant ynder the action 
of Dynkin-automorphism r) 

V{Qn)=Qn: ViGl) = O^n: (^GN). (5.2) 



This theorem plays an important role in proof of the commutation relation [X^, Q^] — 0. 

5.2 Proof of Dynkin- Automorphism Invariance r]{In) = 

In this section we show Dynkin-Automorphism Invariance ry(X„) = X„, by using Laurent 
series formulae X„ = [Y[j<k^i^k/ Zj)C^n{zi, ' ' ' ■> ^n)]- We have r]^ — id. Let us set the 
functions /iJ/(2) forO^J^X^A^, 0^?^X-1, 

h'ffiz) = jfff /in(x-^+^+^(^-^)+t(«-f)^) f[ f[ /iii(x-^+^+2('=-^)+t(«-^)z) 

j=l k=l j=J-p+lk=K-q+l 
j=l k=K-q+l j=J-p+l k=l 

(5.3) 
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Here we have set = h{u) for z — x^". We use notataion hPj^ (z) — h^j'^i^) — 

hj,K{z). 

Proof of Theorem 5.1 Let us study from the invariance of X2 — [s{z2/ zi)02{zi, Z2)]i,ziz2- 
The action of rj is given by 

V {[hi,i{z2/ Zi)Ti{zi)Ti{z2)]i 

N 

= [hl,l{z2/zi)Ti{zi)Ti{z2)]l,z,,z, + [hl,l{z2/zi){Ai{x-'Zi) - Ai{x'Zi))J2^ji^'^2)]l,z,,Z2 

i=2 

N 

+ [hi,i{z2/zi)J2^j(^'zi)iMx'''^2)-Mx'z2))]i,z,,z,- (5.4) 
By using the relation 



hi,,{z) - hi,^{x''z) = cuiSix'z) - dix'^-'^'-'z)), (5.5) 

Cll = 



(^2 2s\ ( 2r-2 2s\ / 2s-2 2s\ / 2s-2r+2 2s\ 



(rr2r-i. rr2s\ (^2s. ^2s\ (^2s. ^2s\ (^2s-2r+4:. ^2s\ ' 

we have 

N N 

[hl,l{z2/zi)Ai{x~'Zi) ^ Aj{x^Z2)]l,ziZ2 = [hl,l{z2/ Zi)Ai{zi) ^ Aj{z2)]l,ziZ2 

j=2 j=2 

N 

+csn{x-^)[6{xh2/zi) : A^{x-^'zi)J2^A^~^^i) ■kziz2: (5.6) 

AT TV 

[hl,l{z2/Zi)^Aj{x''Zi)Ai{x~'Z2)]l,z:,Z2 = [^1,1 (^2/2:1) ^ Aj (^l)Al(^2)] 22 
j=2 3=2 

N 

-csn(x-2)[5(x'-'"^2/-Zi) : Ai(x-'zi) ^ A,(^i) (5.7) 
Here we have used 

(5(a;^'^-^+^^^2/-2i)Ai(a;-^^i)A,(x^Z2) =(5(a;^'^-^^2/-2i)A,(a;^Zi)Ai(x-^Z2) = 0. (5.8) 

Summing up every terms, we have 

r} {[hi,i{z2/ zi)Ti{zi)Ti{z2)] ) = [hi^i{z2/ zi)Ti{zi)Ti{z2)] 
+ cs{x-')[S{xh2/zMT2{x-'z,))] 

\,z\Z2 Cs{x '^)[S{x'^Z2/Zi)T2{x ^Zi)]i^ziZ2- 

(5.9) 
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Summing up every termes of r]{[s{z2/ zi)02{zi, Z2)]i,ziZ2), we conclude r)(l2) = ^2- Next 
we study 77(23) = X3. We use weakly sense equation for the basic operator Aj{z) 



gi,i (^^^ Aj{zi)Ai{z2) - 91,1 (^^^ Ai{z2)Aj{zi) 



c6[^] ■.A,{z2)AAzi):,{t<j). (5.10) 



We have 



Y\_ hi,i{zk/zj)Ti{zi)Ti{z2)Ti{z3) 

1<7<A;^3 



1,212:2^3^ 



n hi,i(zk/zj)Ti(zi)Ti(z2)Ti{z3) 

l^j<fc^3 

-cs{x~'^)hi,2{x~^ Z2/ Zi)Ti{zi)T2{x~^ Z2)S{x'^ Z3/ Z2) 

-cs{x-'')hi,2{x-^zi/z2)Ti{z2)T2{x-^zi)5{x''z3/zi) 

-cs{x''^)hi,2{x'^ Zl/ Z3)Ti{z3)T2{x'^ zi)5{x^ Z2/ Zl) 

^cs{x~'^)hf^^ {x~^ Z2/ zi)Ti{zi)r]{T2{x~'^ Z2))5{x'^ Z2,/ Z2) 

+cs(x-')h\%^(x-hi/z2)Ti(z2HT2{x-hi))5(x'z3/zi) 

+cs{x~^)hff{x~^Zi/zs)Ti{z3)r]{T2{x~^Zi))S{x'^Z2/zi) 

+c^s{x-Ys{x-'')A{x^)6{x^zi/z2)6{x^Z3/zi)7]\n{zi)) 

+c's{x-Ys{x-^)A{x')5{x^zi/z3)5{x''z2/zi)ri\Ts{zi)) 

+c's{x-Ys{x-')A{x')S{x'z2/zi)S{x'z3/z2W{n{z2)) (5.11) 

+clsix''fsix'')A{x^)i5ix^zi/z2)6ix^Z3/zi) + 6ix^zi/z3)6ix^Z2/zi))T3izi) 



C^s(x-^)^s(x-^)A(x^)(5(x^^lA2)5(x^^3Al) + 5(x^^lA3)5(x^^2Al))r7(r3(^l))]l„ 



r]i[csix-^)hi,2ix-h2/zi)Ti{zi)T2ix-h2)5ix^Z3/z2)] 

= [cs{x''^)hif{x~'^Z2/zi)Ti{zi)r]{T2{x~^Z2))5{x'^Z3/z2) 

+c2s(x-2)2s(x-^)A(x^)(5(x2^3/^2)5(x'^2/^i)r7'(r3(^2))]i,.i.2.3, (5-12) 

rj{[S{x'^Zi/z2)S{x'^Z3/zi)T3{zi)]i,ziZ2Z3) = [S{x'^Zi/z2)5{x'^Z3/zi)r]{T3{zi))]i,ziZ2Z3- 

(5.13) 



Summing up every term of r]{[s{z2/ Zi)s{z3/ Zi)s{z3/ Z2)03{zi, Z2, Z3)] 

1,^122^3)) w® have T]{l3) — 
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j. We consider the case of general X„. The action of rj is given by 



X 



X 



II h{Zk/zj)Ti{zi)Ti{z2)Ti{z3) ■ --Tiizn) 



l<7<fe^n 



E 



>0 

aj^+2a2H \-Noij\f = 
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(1) 
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E 



(1) (2) (3)^,, (1)^ (2) (3) 4'*'''V-f1 2 •■• nl- M^'-''^'l-t IJ« IJ» Ij" 



iv 



E 



J 3 3 3 3 3 



X 



X 



X 



^(iV,3)^^(iV,3)_ ^(iV,4)^^(iV.4) _ . _^(iV,iV)^^(JV,JV)^ | A^.^'^) | = Ar-2, | A^'^'*) |^^_3_ ..._|^(iV,iV) 
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rJV 
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t-1 



t=2 



w=l 



u=l 



N t 



nn n (^^a.) 



t=l 5=1 i<fe 
t u 



n nn n n c (-"-*-^^^^"^'^'-^/-.) 
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Min 



X 



X 



X 



?=1 j=l 



(N,N) 
Min 



X z. 



32 



N 2 a. 



nn n En* 

t=3 q=l 3=1 <^eSt u=l 



2 



3a(u) 



(t,q) 

3,t 



(9) 
t 



AT t 

nn n 

t=3 g=3 



n 



(t 
J, 



^ .7,1 



_ E n * 



2 



'J<r(u+1) 



E 



t(1)=1 u^[^]+2 



ki<k2<---<kg_2 



lt-q+2-^j^t-g^2 
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X 



X 



n ^ 



2 

X Z. 



n * 



(1) 



-^([^^1+2) 



(1) 



9-2 / 2 



X z 



^^([4il) 



[^1 



u=2 



Zk. 



T(!i-1) 




(5.14) 



Here we have set A^lfl = {Mm(Af'*^), Mm(^^*'^^ ),•••, Mm(A^*(;*i))} for g = 0, 1, and 

have set aJ^^ = {Mm(4*'^^), ),■■■, Mm(A^*(fi))} for g = 2, ■ ■ ■ , t. Here we 

have set aJJ^ A^J^ • • • , A^^^*) such that Af'^ = {A^^^f < A^J^ < • • • < ^Jj*)}, and have 

set 4f , 4f , • • . , such that = {^f < < • • • < 

We give the action of rj for more general case. We prepare notations. Let us set 
/32, • • • , /3iv ^ such that /3i + 2/32 + S/^a H h A^/3jv = n. Let us set subset sf^ c 



{1, 2, ■ ■ ■ , n}, (1 ^ t ^ iV, 1 ^ J ^ A) such that \Bf^\ = t, U.^^ ^%iB)'' = {1, 2, • • ■ , n} 
and Min{Bf^) < Min{B^^^) < ■■■ < Min{B^!l). Let us set the index Bfl = jk for 



At) 



B\ 



(t) 



{ji,j2,---,Jt\ji < J2 < ■■■ < Jt}, {1 ^ t ^ N,l ^ J ^ at), and B^.^ = 



i^2*i) ■ ■ ■ ) Bat,i}- '^^^ action of rj is given as following. 
/ 

' n Tr{z,) n n{x-^^,)... n 



V 



AT 



t-1 



AT 



2u+l\t-u-l 



n n E n ^ 



2 

a; 2; 



'J<t(u + 1) 



t=l 



u=l 



t=2 i=i 



ctSSj u=1 
(t) a(l)=l 
,1 



z. 



Ja(u) 



H=B 



it) 



N 



X 



t=l 



j<fc 



n n M-) n n 



(<) 



— — ^^"Min 



,w-t-2[fl+2[f]^ 



E 



E 



E 



«l+2a2H |-'VajY = 



41), 42), 43)^0, 41)+42)+43)=a3 



Si) 



(JV) 
»iv- =«JV 



J I ... J. I J I t=i q=i j = i J 
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X 



E 



X 



^(3.3) (3,3) 1^(3,3) 2 

^(4,3) (4,3) ^(4.4) (4,4) ,^(4,3) 3 ,^(4,4) 
3 3 3 3 3 3 

(N,3)^ ^7^4) (JV,4) (^) (JV.JV) |^'W'3)|^^_2, I^T^*) ...,|aWV)|^2 

3 3 3 3 3 3 ' 3 ' ' 3 ' '3 ' 

{«f "''}l<.<^i^ lC{Af'2)} (2) {^(2) (M)j 

{sj^^}l<j<;3 C{a(.^'1)} (3) (iX^l) 

— ' — AT 

(jv, ,]V-i, N / t-2 t-1 

X (_i)E1Ii EUi4t""''+Elir ELi4t;'i+Ef.2ft c*-^ A(x2"+^)*-"-^ s(x-2")*-'^ 

t=2 \ u=l u=l 

N t 



X 



nn n (^./%) 



t=l 0=1 3<k 

'Min 



t U 



X n nn n n C'''''"^(-"-*-^'^'^^f^'-^/%) 




X { n n u^-'^j) n ^(^^(x-s)) 



J^'^Min Min 

— ^ X^Z., \ -r-r-i-r A -sr^ -n- „ / ^ ^ 



X 



'Ja(u+1) 



uuH^ uu n E n \ , 

^^(t.?) <T(1) = 1 U5^[*] + l 

W t a't''^ t-q+2 / 2 



nn n n En e 

• _r(M) ki,k2,-,kg_2eAy''>-Ay> <,(1)=1 „^[i^]+2 

Jt-g+2-'*j_t_q_|_2 



X 



X 
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X 



n > 



2 

X z 



(1) 



[^1 



q-2 



(u) 



([2+1]) / «=2 



n * 



't(ii) 



(5.15) 



We note that differnces between the equations (5.14) and (5.15) are the signature and the 
restriction condition 



E 



E 



— ' — AT 

Hence, summing up every terms oir){[Yl^^j^,^^^s{zk/ Zj)On{zi, Z2, ■ ■ ■ , Zn)]i,zvz„), we have 
shown ri{In) = ^n- Q.E.D. 

5.3 Proof of Dynkin-Automorphism Invariance r]{Qn) = Qn 
In this section we show Dynkin- automorphism invariance r]{Qn) = Qn- 



4gt!SJV,l^j^a. 



(t-1) 



Proof of Theorem 5.2 For reader's convenience, we explain r]{Qi) = Qi at first. We 
have the action of r] as following. 

/ \ 

" r dz('^ Fi(zW)F2(^(^)) ■ ■ ■ F^(^(^))^(LW|tx(^)| ■ ■ ■ |tx(^)) 



V 



N 

n 



V 



t=l ^ 



N 



7 



N 



- n 



7y(^(«W|«(2)|...|«(^V,^^ 



(iV)^ 



t=2 



N. 



X F2(^«)F3(^(^))---F^(^(^-^))Fi(zW). 



(5.16) 



Here we have used 



v{Fi{zi)F2{z2) ■ --FNizN)) = F2{zi) ■ ■■Fn{zn-i)Fi{zn). 



(5.17) 
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Let us change variables u^^^ — >• u^^\u^'^^ — >• u^^\u^'^^ —>■ u^^\ • • • , u^^'> —>■ u^^ ^\ and move 
Fi{z^^^) from the right to the left. We have 



n 

t=i 



c 



-.(5.18) 



n ["'" - 

t=i 



u 



u 



(l)_^(iV) + 



Wc conclude r/(^i) = from theta property ?7(t?(M(2)|'u(3)| ■ ■ ■ \u^^^\u^^^)) = i9{u'^'^^\u'^'^^ ■ ■ ■ 
Let us show r]{Qm) — Qm- After changing the variables u 



(1) 
j 



(1) 



(3) (2) 



N m 



U 



(AT) ^ „,(iV-l) 



Uj , we have rj{Qm) as following. 



t=i j 



dz. 



it) 



(2). 



X F,(.r))...F,(4^))^ 



u 



(1) 



E 



(2) 



E 



(AT) 



X 



n n K'- 



U 



it) 



it) it) 1 



N-l m 



nnK'- 



t=2 i,j=l 



AT 



n - 



(2) , ^ 



(5.19) 



Here we have used 

viFM'^) ■ ■■Fi{z^^^) ■ ■ -F^-il^i^-')) ■ ■ ■ ■ -^^(4^))) (5.20) 



= F,(4^)) . • •F,(.W)F3(.f)) . . .F3(4^)) • --F^izr'') ■ • •i^iv(4^-^Vi(4'^^) • • -i^il^^^)- 



.(2) 



(iV-l)> 



(1) (2) (2) 



Let us change the variables > 
move Fi(2;(^'') ■ ■ ■ Fi{zm^) from the right to the left. We have 



(3) (N-l) (TV) (AT) 



uf\ and 



(*) 



N m 

^^Jc2.V^zf 



fM'') ■ ■■F,{z^^^)F,{z^^') ■ • -^,(4^)) . • •F^(.r) ■ • -^^(4^)) 



.(2) 



X 



n n [ 

t=l l^i<j^m 



it) it) 

u) -uy 



it) it) 1 
uy - ui' - 1 



N-l m 



nnK'- 



t=l i.j=l 



1 N 



III 

n N" - 



(AT) , S 



X ^l^^lE^i 



(2) 



E 



(3) 

u)' 



(iV) 



E 



(1) 



(5.21) 
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We conclude rjiGm) = Qm from ri{'d{u^^^\ ■ ■ ■ = i^{u^^^u^'^^)\ ■ ■ ■ \u^^-^^). Proof of 

v{Sm) — Qm is given as the same manner as above. Q.E.D. 
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A Normal Ordering 

We summarize the normal orderings of the basic operators. The normal orderings for 
I^j{z) are given as foUowings. 



Ki{z^)ki{z2) = :: (1 - ^2^1) 



loo 



(x^^ '^Z2lzi]x'^^)oo{x^''Z2lzi]x'^^)oo{x^ Z2 / Zi\ x'^^) ^ 

{l^i^ N), (A 

A / X A / X _ (x Z2/zi;x ^)oo(a:~ ''z2/zi;x ^)oo(x Z2/zi;x ^)oo /-,<;• ■ < ]\f\ 

A,[Z,)A,[Z2) - .. (^-2^^/^^.^2.)^(^2.^^/^^.^2.)^(^2-2.^^/^^.^2.)^ [i^t<J^I^), 

{x'^'-'z2/zv, x'-^U{x'-^-'^Z2/z,- x'-^U{x'^+'^-'z2/z,; x'^U n<-<-< 
- {x^^-^Z2/z,;x^^)^{x^^+^-Z2/z,;x^^)^{x^^+^-^rz2/zi;x^^)^' ^ =^<J = 



(A 
(A 



For N ^3, the normal orderings between Aj{z) and Ej{z), Fj{z) are given as foUowings. 
The normal orderings for N — 2 are summarized in appendix in [13]. 



A,(.0F,(.2) = ::x-'^* ^^ (iSj^N-l) (A.4) 

(1 - X ^'^^Z2/Zi) 

i^.(-i)A,(.2) = ^]~^T^-"i''^ il^J^N-l) (A.5) 

(1 - X"^ N^Z2/Zi) 
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(1 - X'''^ NJZ2/Z1) 
( i — X Z2/ Zi) 

= ■■■■ \i-.'-z:m - 

A,(.OB.fe) = - ^''7;^^^TW^- US^SA'-l) (A.12) 

(1 — X'^ '^^Z2/Zi) 

E,(.OA,(^,) = ::i il^j^N-l) (A.13) 

A,+i(^0£^,(^2) = ■■■■x-'^} i^J^N-l) (A.14) 

(1 - a; '^^'-+n:>z2/zi) 

E,iz,)A,+,{z2) = :: ^.VT^Z'^f ' (A.15) 

A„(.0^.(..) = (A.18) 

For ^ 3, the normal ordcrings of Ej{z), Fj{z) are given as followings. The normal 
orderings for N = 2 are summarized in appendix in [13]. For Re(r*) > we have 

E,{z,)E,{z2) = ■.■.zr{l-Z2/z^)^^^^^0^Al^J^N) (A.20) 
E,{z,)E,^,{z2) = ■.■.{x^-^z,)^ )\_^ ^ (l^J^A^) 

E,^M)EA^2) = -.-.{x^-^-'z,)^ ; ^ 7 , (l^J^A^). (A.21) 
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Z{* (1 - Z2/Z1)- 



X r (1- Z2/Z1) 



For Re(r*) < we have 
E,{z^)E,{z2) 

Ej{zi)Ej+i{z2) 

Ej+i{zi)Ej{z2) 
For Re(r) > we have 

F,+i(^i)F,-(^2) 
For Re(r) < we have 

Fj{z,)Fj+,iz2) = 
F,+,{z,)F,{z2) = 



{x^Z2/zi;x ) 



Ix' 



-2r*-2 



Z2/Z1; X-^*-*), 



-, {l^j^N) (A.22) 



(a:t2;2/2;i;a:-2'-*)^ 



(x^ NZ2/zi]X 2^*)c 

(x2z2/2;i;a;2'')o^ 



(l^j^AT). (A.23) 



^^2/-2i;a;^'')o< 
{x^'^~'^^^ Z2/ zi] a;^'')c 



, (l^i^TV) (A.24) 



[X 



{XN Z2/Zi]x'^'')oo 



{1^3 ^N) (A.25) 



'''"2:2/^1 ;.^)oo 

(a;^"j^2;2/2;i;a;2'-)oo 



, {1^3 ^N). (A.26) 



X - (1 - ^2/^1) 



{X ^Z2/zi]X ^'")o 



-, (l^j^iV) (A.27) 



[X ^^^NZ2lzx\X ^^)oo 

(a;-2+i#z2M;a;-2'')oo 



, (l^j^AT) (A.28) 



-2r+2- 



{x N Z2I z\\x-'^'^) 

For N ^3 the normal orderings of the screenings Ej{z), Fj{z) are given by 



, (l^j^iV).(A.29) 



£;,(zi)F,-(^2) 

^.•(^1)^.(^2) 

E, {z,)F,^,{z2) 

F, +,{z,)E,{z2) 
E^^,{z^)F^{z2) 
Ejizi)Fj^r{z2) 

For > 3 we have 



zj{l- XZ2/zi){l-X ^Z2/Zi) 
2:1(1 - XZ2/zi){l - X-'^Z2/Zi) 



■ ■x^N -'Jzi{l- x-'+^Z2/zi), (l^j^N), 
:: - x^~'^Z2/zi), (1 ^ J ^ A^), 

:: _ a;-^+^^2M), (1 ^ J ^ A^), 

:: - x^-#z2Ai), (1 ^ i ^ N). 



(A.30) 

(A.31) 

(A.32) 
(A.33) 
(A.34) 
(A.35) 



Aj{z^)Fj{z2) =:: (a; ^ z,y 



{x- 



Z2/Zi,x'^''), 



{X 



3r-2+#j 



Z2/Zi;x^'')c 
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(l^j ^7V-1), 



[x '^+JvU+iJ2;2/zi;a;^^)oo 
(l^j^AT-l), 



AAZ,)^,-1{Z,) ..X [X Z,) (^.+2+t0-l),^/,^.^2.)^' 

Fj_^{zi)Aj{z2) =:: {x^^-'^^^-'h,y " ' 



(x-''22/^i;2;2'-)oo ' 



e / m;. / X / '^^'^^Z2/zi;x'^'''')oo 
Bj{zi)Ej{z2)^::{x'zi)r*'^ 



x-""^ +'+Nlz2/zi;X^^')oo 

E,{z,)B,{z2) (^(^^-D.)^ (^"^*"~^^'^^/^^' ^"*)- 



E,^,{z,)B,{z2) (x^t-DO+D^,)" 



(a;'-*-2+f0-+i);,2/-2i;a;2'-*)^ 



jT. / \>2 f \ I 2s-N i-^^ '^^Z2/ Zi, X^'^ )oo 

E.iz,)B..,iz2) =:: (x - \,-.-^2-2.,^/,^. ,2.^)^ 
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(A.49) 

(2^j^iV-l), (A.50) 
Fm{z,)Ai{^2) ^r^^'"^ \^frf 'CV . (A.51) 

For Re(r) > we have 

FAz^m,,) = (A.63) 



00 



{x'-'^Z2/zi;x'^'')oo' 



= 7 (A.55) 

(x'^-^jv 22/^1; a^^'^joo 



For Re(r*) < we have 



E,_,(z,mz,) = ::(.'^-)0-'>..)-^ 'ft'^^^^"'";7°° . (A.56) 

+iv 2:2/^1 joo 



7/,(.0£,(..) = !-,.-,:%:':!-.,. (A.58) 



-r*+2 



(X ' ^-22/2:1; X 2''*)oo' 



H,iz,)E,,,iz2) = (A.59) 

N Z2/ Zi, x~^'^ 



loo 
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